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CHAPTER 1

BACKGROUND INFORMATION

1.1

Observable universe
From our vantage point in the Milky Way we see a majority of galaxies receding

along our line-of-sight. Moreover, farther galaxies appear to recede faster

due to a

mysterious universal and repulsive force, that is the subject of this thesis.
It appears we are positioned at the center of an expanding sphere, with
comoving matter uniformly distributed throughout. If the universe is homogeneous
on the large scale average, every point in the universe serves as the center of an
expanding sphere, or expanding particle horizon.
All points in the region of a particle horizon are causally connected members
of a finite observable universe. The horizon radius is the distance between a point
and the farthest objects (or particles) an observer at that point sees. The universal
expansion begins at the cosmic time origin, t = 0. This unique time is the simultaneous
moment of the Big Bang for all points in the universe. A finite observable universe is
assigned to every observer at every cosmic time, with an expanding particle horizon
marking the boundary.

1

The universe is spatially infinite1 , but is temporally finite; a disturbance or
signal propagating at speed v and starting from the cosmic time origin (and from
any initial position in space) reaches Rmax =

t ⇥ v in time interval

t, the age of

universe. Regions beyond this are una↵ected until sufficient time has passed for them
to be causally connected with the emitter; however, by this cosmic time the state of
the emitter, subject to an evolving universe, has varied.
A photon from the early universe travels approximately 13.8 billion years to
reach Earth (Rmax ⇠ c/H0 . The Hubble constant H0 = 100h km s

1

Mpc 1 , where

the reduced Hubble constant h is used to parameterize H0 ). Due to expansion, a
receding emitter on our particle horizon is now even farther away from Earth at
the present cosmic time. The first galaxies formed are near the edge of any point’s
observable region; the Hubble Deep Field is an image of some of these galaxies, 13.2
billion years distant.
Information is exclusive to regions causally connected to the emitter, but every
receiver has access to regions sharing no causal points in common. For example, from
the point of view of an observer at the center of a sphere of radius Rmax , imagine an
observer on the sphere’s surface. At today’s cosmic time, an angle of order one radian
subtends an arc of length Rmax . Hypothetical observers on the sphere’s surface are
causally disconnected from each other when separated by greater than a few radians.
Radiation impinging on our detectors carries information from every direction
in the observable universe; for example, radiation from causally disconnected regions
1

Assuming a flat universe, the simplest case is a spatially infinite universe; however, a universe
of finite spatial extent is also possible theoretically.

2

is compared to note the di↵erences between those regions. Relic radiation carries
information about the conditions of the early universe, such as the degree of anisotropy
and inhomogeneity and corroborates theories on the future evolution of the universe.
A particle horizon, marking the expanding boundary of an observable region,
contains a Hubble volume. The Hubble volumes of two observers, at a particular
epoch, either overlap, with some points in causal contact, or contain no points in
causal contact. The observers’ horizons expand, encompassing more of the universe,
such that at some time in the future their overlapping region increases or their horizons
intersect; therefore, the number causally connected points increases with time.
A region centered on the Galaxy with radius between 10 100 Mpc is commonly
defined to contain our local universe (1 Mpc ⇠ 3 ⇥ 1024 cm). The Milky Way is a
member of the Local Group (LG) of galaxies. There are 47 members in the LG with
known distances and radial velocities that span a region of radius ⇠ 0.7 Mpc. Between
0.7 Mpc and 3 Mpc are 30 galaxies, and possibly an additional order of magnitude
more undetected, faint dwarf galaxies (Karachentsev et al. 2009).
A sphere with radius equal to the Milky Way’s radius contains a volume ⇠ 109
times smaller than the volume contained in the local universe of radius 10 Mpc. The
local universe displays large fluctuations in the number, size and type of structures
and phenomena, between various angles and radii. On the largest scales of the
observable universe these fluctuations diminish markedly, displaying an approximately
homogeneous, isotropic universe.

3

1.2

Homogeneity and isotropy
The content of a sphere of uniform density is exactly isotropic and homogeneous

at any point; the large scale average density at every angle and radius approaches
spatial constancy. An observer is unable to di↵erentiate one point from the next
(homogeneity), and a full rotation yields the same result (isotropy). The local universe
is vastly di↵erent from a uniform density sphere, with large fluctuations on small
scales.
The Solar System is extremely anisotropic and inhomogeneous, exhibiting
large fluctuations on sub-parsec scales; under-dense regions, with densities well below
the mean of the solar system, separate the Sun from its satellites. Volumes of
radii much greater than one parsec must be surveyed to see approximate isotropy
and homogeneity.

For example, the galaxy distribution, as traced by luminous

red galaxies, appears isotropic to every comoving observer in the universe once the
averaging scale is larger than ⇠ 150h 1 Mpc (Marinoni, Bel and Buzzi 2012), and Wu
et al. (1999) found homogeneity and isotropy for volumes with twice this radius.
The Copernican principle and the cosmological principle are axioms to the
currently favored theories of the universe consistent with observation: no point in
space is attributed a special or unique status, and space is isotropic and homogeneous
on the large scale average. These properties necessarily exist within the realm of the
observable universe, and perhaps beyond since there is no a priori reason to assume
the portion of the universe we observe takes exception to unobserved regions.

4

Prior to the early 1900’s, the extent of the Milky Way was completely unknown.
Many speculated the ‘realm of the nebulae’ was unconstrained, and the Milky Way
was one island universe amongst many disparate others. Vesto Slipher and Edwin
Hubble provided the first observational evidence for an expanding universe theory.
In 1912, Slipher discovered nebulae with radial velocities exceeding the maximum
velocity possible to be considered a member of the gravitationally bound Milky Way.
Slipher noted, in his 1915 paper ‘Spectrographic Observations of Nebulae’, the average
velocity of the spirals is about 25 times the average stellar velocity. A boundary to
our island universe was revealed.
A decade later, Hubble definitively proved the nebulae were extragalactic, and
with the aid of Slipher’s data confirmed a majority of them were receding from us.
The first evidence for the cosmological principle follows from Hubble’s observations:
galaxy recession velocities increase in proportion to their distance, and the number
of galaxies increases with apparent magnitude, both are necessary conditions for a
homogeneous, isotropic universe.
Meanwhile, Albert Einstein, dark energy (DE) protagonist, was formulating a
cosmological model of the universe, using his soon to be tested and confirmed theory
General Relativity. Einstein put forth the idea of a uniform (homogeneous), quasistatic and spatially finite distribution of matter in his 1917 paper, ‘Cosmological
Considerations On the General Theory of Relativity’. He was the first to propose
a homogeneous universe on the large scale average, but the condition of a time
homogeneous universe

hence ‘quasi-static’

5

is unstable. The instability of Einstein’s

quasi-static (non-evolving) universe and Hubble’s subsequent discovery of an evolving
universe make the idea of a quasi-static universe untenable.

1.3

Einstein’s cosmological constant, the steady state model and its instability
Einstein used a Cosmological Constant to make his theory of a finite, quasi-

static unchanging universe consistent. He began by addressing the problems of an
infinite, apparently unchanging universe. Spherically symmetric mass distributions
leave open the possibility of a statistically evaporative universe. A fix to this problem,
namely limiting conditions at spatial infinity, is inconsistent with a quasi-static distribution
of matter.2 A large potential at infinity
infinitely deep potential well

envision a universe situated inside an

circumvents evaporation but creates other problems.

Namely, the absence of large stellar velocities within the Milky Way represents a lack
of very great potential di↵erences in the universe; large, unobserved, velocities would
ensue locally, as a result of a very high value of the limiting potential at infinity
(Einstein, Lorentz, Weyl and Minkowski, 1952).
To remove the difficulties of unrealistic boundary conditions, Einstein hypothesized
a spatially finite (closed) universe. A finite model is free from statistical evaporation,
and thus is free from boundary conditions

a universe posited on a three dimensional

spherical surface. The quasi-static condition begets another component of the universe
to counter the tendency of its gravitating matter to collect into a single clump, viz.
2
In “Physics and Philosophy” James Jeans notes that Newton also questioned the use of limiting
conditions at infinity, in this case to support the notion of absolute space: “Newton thought the
remotest parts of the universe were occupied by vast masses which might provide fixed points of
reference from which to measure motion, while themselves providing standards of absolute rest,
although he qualified this by remarking ‘it may be there is no body really at rest, to which the
places and motions of others can be referred’ ”.
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the cosmological constant ⇤

a component of the universe in the vacuum of space

‘to hold up the heavens’.
It turns out, to Einstein’s surprise, the universe expands and is finite in age.
The question of what holds up the heavens is solved by expansion, with a decelerated
expansion, under the force of gravity, expected. Also, it is unnecessary to account
for matter at spatial infinity, as this matter is causally disconnected from the local
matter we observe. Einstein’s general relativistic equations conform to three types of
expanding isotropic, homogeneous universes free from limiting conditions at infinity:
closed, open or flat models. A closed expanding universe decelerates to a state of
rest, then contracts; open and flat universes expand forever. At the time of their
discovery, none of these models required a cosmological constant to remain consistent
with the latest observational data; though, today ⇤ has been reinstated, to account
for the accelerated expansion of the universe

contrary to an expected decelerating

universe.
Einstein’s quasi-static universe with a cosmological constant is consistent with
General Relativity, but is unstable. The instability is apparent from the equation of
motion of a particle at rest, in a matter and DE universe, with the equations of state
for these components included; see Equation 1.3.
First, solve Poisson’s Equation r · g =

4⇡G(⇢ + 3p) for the Newtonian

gravitational acceleration g = l̈. Here l is radius to a spherical region of background
matter and vacuum. The active gravitational mass density (⇢ + 3p) is the source
of gravitational acceleration. A particle inside is una↵ected by any region beyond l,
taking into account Birkho↵’s Theorem: a particle interior to an isotropic, homogeneous
7

spherical shell of matter (and vacuum, in this case) experiences no net gravitational
acceleration from the exterior shell. So only active gravitational mass interior to l
determines the acceleration of a particle at l. (In the following c=1.)

¨l =

4
⇡G(⇢ + 3p)l
3

(1.1)

Expand the active gravitational mass term into its components, from matter and from
vacuum, and input the equations of state of both components.

¨l =

4
⇡G(⇢m + ⇢⇤ + 3pm + 3p⇤ )l
3

(1.2)

Next, substitute the equations of state for matter and vacuum into Equation 1.2.
The contribution to the active gravitational mass from matter is just ⇢m , because the
pressure of ordinary nonrelativistic matter is negligible compared to the rest mass
energy density, pm ⌧ ⇢m . The vacuum energy density equation of state

⇢⇤ = p ⇤

assigns a negative pressure to vacuum, since ⇢⇤ is positive. To appreciate this equation
of state, consider vacuum energy enclosed in an expandable box. Expand the box’s
volume V ! V + dV , and find the change of energy E ! E + dE resulting from a
constant vacuum energy density. Since ⇢⇤ is a positive constant, the energy inside
increases as more vacuum is enclosed in the box, dE = ⇢⇤ dV . The energy change
is also proportional to the vacuum pressure p⇤ , dE =

p⇤ dV. This implies the

pressure is negative, because the energy inside the box must go up as the volume

8

increases. Equate the energy di↵erences dE to obtain the equation of state for
vacuum,

p ⇤ = ⇢⇤ .

The equation of motion of a particle at l, in a universe with matter and vacuum
density is then
¨l =

4
8
⇡G⇢m l + ⇡G⇢⇤ l
3
3

(1.3)

A static universe, ¨l = 0, requires p⇤ = ⇢m /2. A repulsive force, countering the
gravitational collapse of the universe, is supplied by vacuum energy density, ⇢⇤ ;
however, ¨l = 0 is an unstable point of equilibrium. The mathematical proof of the
instability is below, but first a heuristic example of two particles in a DE universe.
Imagine two particles separated by a distance l. The particles are stationary
with respect to each other, so the attractive force of gravity is precisely balanced
by the repulsive force of DE. Introduce a small perturbation by moving one slightly
away from the other. Since the force of gravity falls o↵ with distance according to
Newton’s Inverse Square Law, their attraction diminishes correspondingly. The force
from DE increases with distance since ⇢⇤ is constant, as shown in Equation 1.3.
The perturbation results in the particles being pushed even further apart by the
repulsive force of DE; this continues indefinitely. If the distance between the particles
is decreased a similar situation ensues; except, in this case, a run-away attraction
emerges instead of a run-away repulsion. Einstein’s static universe is easily disrupted
by a small perturbation.

9

To see this in mathematical terms, add a perturbation to the matter density
of a static universe, ⇢m = ⇢¯m (¯l/l)3 . The condition of a static universe is ⇢⇤ = ⇢¯m /2.

¨l =

4
⇡G¯
⇢m
3

"✓ ◆
¯l 3
l

#

1 l.

(1.4)

A small fractional perturbation from homogeneity, l = ¯l ± ¯l✏, defines the perturbing
force for a positive and negative case, ¨l = ±¯l¨✏. And we are left with an exponentially
expanding or oscillatory solution,

✏¨ = ±4⇡G¯
⇢m ✏.

(1.5)

Einstein’s ‘⇤ universe’ is unstable: an exponential instability, in the positive case, and
an oscillatory instability, in the negative case. (Peebles, 1993) Einstein’s quasi-static
universe is a short-lived state of unstable equilibrium. A cosmological constant is
permitted in an evolving universe and is required in a universe undergoing accelerated
expansion, but whether ⇤ is consistent with observation remains far short of full
resolution.

10

1.4

Questions addressed by this research
The phenomenon of accelerated expansion is supported by a number of independent,

complementary experiments.3 The ⇤CDM model is the current best phenomenological
description of current data. However, no single piece of observational evidence is
sufficient to prove the existence of DE. Currently, a combination of independent
data sets is required to sufficiently constrain the cosmological parameters.4 Verifiable
predictions of the ⇤CDM model and observations of low redshift and DE-influenced
behavior are key to providing convincing stand-alone evidence for DE.
To make contact with the mechanism underlying the apparent phenomenon
of accelerated expansion, we must observe the e↵ects of DE in our local universe. In
this direction we answer the following questions.
At what radius is DE relevant to the dynamics of a test mass orbiting a
gravitationally bound central mass concentration?
What potentially observable behaviors in the outskirts of gravitationally bound
structures exist in a ⇤-dominated universe, that are absent in a matter-dominated
universe?
Is a cuto↵ to the dark matter profile of a galaxy cluster definable?
It is shown that DE is important at the outskirts of isolated, large scale
structures. Wide-pair galaxies are especially interesting. In a ⇤-dominated universe
a pair of isolated, bound galaxies (of mass ⇠ 1012 M ) with projected separation &1
Mpc would be exceptionally rare.
3
4

See Figure 2.3
See Chapter 2

11

The second and third questions are answered in Chapters 3 and 4. It is shown that
the dynamics of isolated, wide-pair galaxies and gas at the outskirts of a cluster of
galaxies are modified by the presence of DE’s repulsive, long-range force.
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CHAPTER 2

A DARK ENERGY COMPONENT TO THE UNIVERSE

2.1

Redshift and expansion
Astronomical evidence for an expanding universe gained traction prior to

Einstein’s 1917 paper. By 1914, Slipher observed doppler shifted spectral lines of
light emitted from nebulae. The lines were shifted toward the blue or red end of
the spectrum, indicating nebulae advancing and receding along our line-of-sight.
A majority were in the latter category, with recessional speeds up to 1100 km/s.
Slipher’s redshift observations of distant nebulae were the impetus for the expanding
universe theory.
Redshift z is defined as a fractional change in the wavelength of light emitted
from a source along our line-of-sight, z = (

obs

em )/ em ,

where

obs

and

em

are

observed and emitted wavelengths respectively. Cosmological redshift is equivalent
to a doppler shift for z ⌧ 1, i .e. for nearby sources z = Ṙ.
Soon after Einstein’s proposal for a quasi-static universe endowed with a
cosmological constant, others found evolving cosmological solutions to his general
relativistic equations, also satisfying the cosmological principle, namely the Friedmann
Lemaître Robertson Walker (FLRW) metric, with redshift due to the comoving
13

coordinates universal expansion. An evolving universe was apparent from redshift
observations, so theories were developed to reflect this fact. Einstein chose a closed
universe, but three types of expanding universes, with closed, open, and zero curvature
k satisfy his equations. Notice in Equation 2.1 with coordinate r rescaled, all values
of k reduce to one of the three cases (k=1, -1 and 0 respectively). Substituting the
metric of the FLRW line element

2

ds = dt

2

a(t)

2

"

#
⇣
⌘
dr2
2
2
2
2
+ r d✓ + sin ✓d
= dt 2
1 kr2

into Einstein’s field equations Gµ⌫

a(t)2 dl 2

(2.1)

⇤gµ⌫ = 8⇡GTµ⌫ gives two general evolution

equations of the universe, also known as the Friedmann equations. The first is the
energy equation and the second, the force equation:
✓ ◆2
ȧ
8
= ⇡G⇢
a
3

ä
=
a

k
a2

(2.2)

4
⇡G(⇢ + 3p).
3

(2.3)

See the Appendix for a derivation of the Friedmann equations using Newtonian
physics. Current measurements suggest a Friedmann universe composed of 70% DE
and 30% cold dark and baryonic matter.
The FLRW model satisfies the cosmological principle and includes a universal
expansion factor a(t), breaking the time homogeneous condition of Einstein’s. In
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1929, Hubble was the first to observationally establish the cosmological expansion
law Equation 2.4 (which leads to Hubble’s law Equation 2.5),

R(t) = a(t)l.

(2.4)

The expansion law follows from the cosmological principle; the separation distance
of every galaxy pair in the universe is scaled by the same factor of a(t). The proper
physical separation distance R(t) of two well-separated galaxies is proportional to
a constant comoving distance l for all cosmic times. The peculiar velocities / l˙ of
well-separated galaxies, due to their initial conditions and gravitational attraction
to each other, are negligible compared to their relative separation velocity given
to them by the universe’s expansion. The scale factor today a0 is equal to unity,
such that the comoving distance l is equal to the proper physical distance measured
today R0 , R(t) = a(t)R0 . At the moment of the Big Bang the scale factor was
zero, and matter and radiation were in a very compressed, thermal equilibrium state.
A comoving system of coordinates expands with the universe, such that comoving
galactic coordinates are the same at all cosmic times, and are scaled by a(t) to define
the proper physical distances at di↵erent times.
The time derivative of the expansion law has two components, the peculiar
velocity and the Hubble flow velocity, Ṙ = al˙ + ȧl. The peculiar velocity al˙ is
the motion of a galaxy with respect to the comoving frame. Since the universe
is homogeneous and isotropic on the large scale average, well-separated galaxies are
approximately at rest with respect to comoving coordinates. The Hubble flow velocity

15

ȧl = HR is equivalent to the recession of distant galaxies and gives the expansion
rate of the universe in a particular era.
Hubble established a linear relationship between a pair of galaxies’ relative
speed of recession and their separation distance, known as Hubble’s law. Assuming
galaxy’s peculiar velocity is negligible compared to its Hubble flow velocity the time
derivative of the expansion law is Hubble’s law, and when z ⌧ 1 it gives the
relationship between distance and redshift,

Ṙ(t) =

ȧ(t)
R(t) = H(t)R(t) = z.
a(t)

(2.5)

The proportionality factor is the expansion rate of the universe and equals the Hubble
parameter, ȧ(t)/a(t) = H(t). The expansion rate changes as the universe evolves
through di↵erent epochs. If the Hubble parameter increases with time the universe is
in an epoch of acceleration and if it decreases with time the universe is in an episode
of deceleration. A description of H(t) at various epochs is as follows. To find H(t),
first find the time dependance of the scale factor. See Equation A.3. For example,
an era where the universe is dominated by radiation occurs at earlier times when
the ‘1/a2 term’ dominates over the other terms. (As an aside, the transition from a
radiation era to matter era occurs approximately at z & ⌦m,0 /⌦r,0 , by Equation A.4.)
Since ⇢r a4 is constant, the di↵erential equation for a(t) is

1
ȧ / .
a
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The radiation era has a scale factor proportional to t1/2 , so H(t) = ȧ/a = 1/2t, and
for a matter-dominated era a / t2/3 and H(t) = 2/3t. The expansion rate of the
universe declines with time in these epochs. The scale factor for a ⇤-dominated era
is set apart from radiation and matter eras, as the expansion factor exponentially
increases with time, a / exp[(⌦⇤ H02 )1/2 t].
In a particular era, the proportionality between distance and velocity is the
same constant for all pairs of galaxies, satisfying the cosmological principle. Today
H0 is measured to be 70 km s

1

Mpc 1 , and the universe is evolving from a matter

era to a ⇤ era, from decelerated expansion to accelerated expansion
The Hubble radius is the distance at which the recession velocity equals the
speed of light, RH (t) = c/H(t). The volume contained by this radius is one Hubble
volume. Light received today from the Hubble horizon has traveled a maximum
distance of RH = c/H, in a time equal to the age of the universe, also called the
Hubble time tH = 1/H.
The radial path of a photon (ds2 = d = d✓ = 0) satisfies the expansion law,

cdt = a(t)dl =) R(t) = a(t)l.

(2.6)

The positive sign is chosen in Equation 2.6 so the distance between emission point
and observation point is positive, (lobs

lem ) = l > 0. The emission point lem is placed

at the spatial origin and the emission time tem = 0.
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The relationship between redshift and expansion factor, for radiation observed
today is
1+z =

a0
.
aem

An observer receives light redshifted by a factor of (1 + zem ),
obs / em

(2.7)

obs

=

em (1

+ zem ), so

= a0 /aem . To find the relationship between time and redshift di↵erentiate

Equation 2.7 with respect to time and substitute the Hubble constant,

dt
=
a(t)

dz
.
a0 H(z)

Since the 1920’s, observations have been consistent with the cosmological
expansion law, with a rate of expansion given by the Hubble parameter H(t). Evidence
from experiments on the anisotropy of the cosmic microwave background radiation
points to a geometrically flat universe, with a matter density well below the critical
density (30% of critical). Flatness requires another component of the universe such
that ⇢total = ⇢c = ⇢critical (see Equation A.2 in the Appendix). A DE component,
with density ⇠70% of critical, was confirmed in later experiments by measuring the
accelerated expansion of the universe using standard candles Supernovae of Type 1a
(SNe1a). The very bright luminosities of SNe1a, observed at cosmological distances,
are calculated in a distance independent way, making them ideal tools for calibrating
the redshift distance relation.
Distances to SNe1a in high-redshift galaxies are used to quantify the accelerated
expansion of space. Accelerated expansion is observed, the flux of radiation as a
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function of redshift turns out to be fainter than expected for a matter-dominated
universe. In order to account for the apparently diminished fluxes, the predicted
distances of the SNe1a are increased beyond what their redshifts allow for a matterdominated universe. Dark energy (originally Einstein’s ⇤) is the ingredient necessary
to increase the predicted distances, by a↵ecting an accelerated expansion. Dark
energy acts in opposition to gravity on large scales. It repels the host galaxies from
us and from each other, placing them at greater distances than would otherwise be
possible assuming a matter-dominated universe.
Combined, the CMB, supernova and X-ray galaxy cluster data suggest a
universe with an ⇤CDM cosmology, a Cold Dark Matter model with a cosmological
constant (“constant” implies the DE equation of state w = p⇤ /⇢⇤ =

1 at all times).

Here we assume DE is due to a cosmological constant, as the results derived are
una↵ected by an evolving equation of state.1

2.2

Cosmic microwave background
The universe expanded from a high density, high temperature state of matter

and radiation in thermal equilibrium to a lower temperature of ⇠ 3K today. The
early universe was opaque to photons and consisted of a photon bath coupled to an
ionized plasma. Once the universe cooled to a temperature for a sufficient amount
of hydrogen to form without being immediately ionized, radiation decoupled from
matter and began propagating freely through the universe. The decoupling, or last
1

Other DE models require an evolving DE equation of state, w = w(z). Rapetti et al. (2004) put
constraints on the evolution of dark energy by performing a likelihood analysis using CMB, supernova
and cluster cosmological data sets and conclude a cosmological constant is a good description of the
data.
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scattering event, occurred throughout the universe on the last scattering surface and
at a unique cosmic time. Since the universe is infinite, the relic radiation from the
last scattering is ubiquitous, it bathes every point in the universe for all cosmic times,
i .e. until the radiation is redshifted away.
As the universe expands the wavelength of the radiation field is redshifted,
and the temperature of the photon bath drops accordingly,

0

/ aem1

em

implies E0 /

aem Eem and T0 = (1 + zem ) 1 Tem . The measured spectrum of the CMB fits a
blackbody spectrum of temperature T0 = Tobs = 2.7 K nearly perfectly, evidence for
the Hot Big Bang Theory. It is called a microwave background because the radiation
wavelengths are in the microwave region of the spectrum today. The CMB spectrum
is also evidence for the cosmological principle; however, the radiation is not perfectly
isotropic. Primordial density fluctuations must have been present in the early universe
for large scale structures to form into what we observe today. Fluctuations in the
spectrum provide data in support of structure formation theories.
Fluctuations, or anisotropies, in the CMB radiation field, of order one part
in 105 , are best accounted for using a flat universe model (⌦k ⇡ 0) (de Bernardis,
2000) with a matter density well below the critical density, ⌦m,0 ⇡ 0.3 and Hubble
parameter H0 ⇡ 70 km s 1 Mpc 1 . Assuming an ⇤CDM cosmology, Friedmann’s
energy equation (see Equation A.4 in the Appendix, with z = 0 and zero curvature)
gives the fraction of DE required for a flat universe, ⌦⇤,0 = 1

⌦m,0 . The radiation

component of the universe today is negligible, ⌦r,0 ⇡ 10 4 , giving ⌦⇤,0 ⇡ 0.7, making
DE the dominate component of the universe.
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2.3

Supernovae Type 1a and the reinstatement of dark energy
With the discovery of universe’s expansion a cosmological constant component

to the universe to counteract gravity became unnecessary, interest turned instead to
measuring the expected decelerated expansion. However, observations indicate a flat
universe, but also find an insufficient amount of matter to secure flatness, according
to what a flat FLRW universe requires. For example, CMB anisotropy measurements
matched the expectation for a flat universe, but also, in agreement with independent
measurements, indicated a matter density component far short of the critical density
necessary for a flat FLRW universe, suggesting a yet undetected component of the
universe to fill the gap. Interest in ⇤ was officially revived after an experiment
testing for decelerated expansion revealed the opposite, with a ⇢⇤ component (the
source of accelerated expansion) in exactly the amount required to secure flatness,
corroborating the CMB results.
In a matter-dominated era expansion is decelerating; however, if the universe is
DE-dominated the opposite is true. Measuring distances to standard candles is a more
direct test for accelerated expansion than using CMBR to indirectly confirm a DEdominated universe, because parameters ⌦m,0 and ⌦⇤,0 are measured independently
of each other. Substitute the equations of state for matter and vacuum into the
Friedmann’s force equation Equation 2.3. If the universe is matter-dominated ä < 0,
and if the universe is ⇤-dominated ä > 0,

ä
=
a

4
8
⇡G⇢m + ⇡G⇢⇤ .
3
3
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(2.8)

An accelerating universe becomes ⇤-dominated for a redshift satisfying 2⇢⇤ > ⇢m =
⇢¯m (1 + z)3 ; today ⇢⇤ = 0.7⇢c and ⇢¯m = 0.3⇢c . Dark energy overtakes matter as the
dominant component of the universe at z ⇡ 0.67.
In dimensionless form, Equation 2.8 gives a deceleration parameter q0 =
ä0 /H02 . Recast the equation in terms of the measurable dimensionless density
parameters ⌦i , in units of the critical density ⇢c .
✓
ä0
2 1
= H0
⌦m,0
a0
2

⌦⇤,0

◆

=) q0 =

✓

1
⌦m,0
2

◆

⌦⇤,0 .

(2.9)

Parameter q0 is positive when the universe undergoes decelerated expansion (because
ä0 < 0) and is negative when the universe undergoes accelerated expansion (ä0 > 0).
Dark energy is the only known way to cause accelerated expansion. See Figure 2.1,
‘another answer cannot be given’. The deceleration parameter was named and defined
when the universe was thought to be decelerating

which makes sense for a universe

dominated by clumping matter.
The known intrinsic luminosity L emitted by the SNe1a and their measured
fluxes F are used to determine luminosity distance DL ,

F =

Lem
Lem
=
,
2
2 2
4⇡DL
4⇡a0 rem (1 + z)2

which implies
DL = a0 rem (1 + z).
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(2.10)

Figure 2.1: The caption in the cartoon includes a quote of de Sitter’s, from an
interview published in a Dutch newspaper: “What, however, blows up the ball?
What makes the universe expand or swell up? That is done by Lambda. Another
answer cannot be given” (Peebles, 1993).

Take an observer on the surface of an expanding sphere centered on a SN1a. The
2
physical surface area of a sphere of comoving radius rem is 4⇡a20 rem
at the time the

radiation reaches the observer. Each factor of (1 + z)

1

in Equation 4.6 is from two

di↵erent phenomena that must be taken into account to write the flux in terms of
the emitted luminosity. One factor is from a dilution in the number of photons per
unit time crossing the surface as the observer expands away from the source between
the time of emission and reception. The second factor is account for the decreased
energy of the photon, because the photon’s wavelength is stretched, or redshifted, by
the universe’s expansion.
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An empirical relationship DL (z) is established by measuring SNe1a fluxes at
various redshifts. The matter and vacuum energy density components are obtained
by fitting the predicted luminosity distances DL (z, H0 , ⌦m,0 , ⌦⇤,0 ) to the empirical
data, where Equation 2.9 gives the relationship between the deceleration parameter
and the density parameters. The Hubble constant H0 is found by measuring distances
to SNe1a with z ⌧ 1. For very small redshift the first order e↵ect of the deceleration
parameter is likewise very small, and the linear Hubble relationship holds, DL = z/H0 .
To see the e↵ect of deceleration or acceleration on the DL (z) relation, first
expand rem in DL as a function of redshift by establishing a relationship between rem
and H(z) for small r. To do this use the definition for distance along a radial path

dl =

(1

dr
=
kr2 )1/2

dz
,
a0 H(z)

where for z ⌧ 1 (or k=0)
Z

r
0

(1

dr0
⇡
kr0 2 )1/2

Z

r
0

✓
◆
k 0
dr0 1 + r 2 ⇡ r = rem .
2

This integral leads to an expression for DL in terms of z,

DL (z) = a0 (1 + z)rem = (1 + z)

Z

zem
0

dz
.
H(z)

⇣
Expand H(z) in the integrand of Equation 2.11: H(z) = H0 1

(2.11)
⌘
Ḣ0 /H02 z + . . . ,

where Ḣ is the derivative of the Hubble parameter with respect to time. Use the
binomial expansion (again assuming z ⌧ 1), and integrate Equation 2.11 to find an
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expanded form for DL as a function of redshift, z = zem ,
!
(1 + z)
1 Ḣ0 2
DL =
z+
z + ... .
H0
2 H02

(2.12)

To next order beyond linear,

DL =

z
1
+
(1
H0 2H0

q0 )z 2 ,

(2.13)

where the deceleration parameter is defined as

Ḣ0
1+ 2
H0

q0 =

!

=

a0

ä0
=
ȧ20

ä0
.
H02

(2.14)

A negative q0 is required to increase the predicted luminosity distance for a particular
redshift.
For zero curvature, favored by the CMB anisotropy data and inflation, the
luminosity distance for larger redshift is a function of ⌦m,0 and ⌦⇤,0 independently,
DL (z, H0 , ⌦m,0 , ⌦⇤,0 ) = (1 + z)

Z

zem
0

h

dz (1 + z⌦m,0 )(1 + z)2

⌦⇤,0 (2 + z)z

i

1/2

. (2.15)

The measured distances to SNe1a at various redshifts, 0.3 < z < 2, are compared
to Equation 2.15 to obtain cosmological parameters ⌦m,0 , ⌦⇤,0 and H0 .

(Riess

2000) Figure 2.2 depicts the joint confidence intervals for ⌦m,0 and ⌦⇤,0 from two
independent SN1a experiments, the High Z Supernova Search (HZT), lead by Brian
P. Schmidt, and the Supernovae Cosmology Project (SCP), lead by Saul Perlmutter.
The Nobel Prize in Physics 2011 was divided, one half awarded to Saul Perlmutter,
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Figure 2.2: SN1a joint confidence intervals for ⌦M , ⌦⇤ from Perlmutter et al.
(1999; SCP) and Riess et al. (1998; HZT). Regions representing specific cosmological
scenarios are indicated (Riess, 2000).

the other half jointly to Brian P. Schmidt and Adam G. Riess for the discovery of the
accelerating expansion of the Universe through observations of distant supernovae2
(Riess et al. (1998), Perlmutter et al. (1999)).
2
“The Nobel Prize in Physics 2011.” Nobelprize.org. 5 June 2013
http://www.nobelprize.org/nobel prizes/physics/laureates/2011/
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2.4

Large scale structures
Chandra X-ray Observatory’s probe of DE relies on the unique ability of X-ray

observations to detect the hot gas in galaxy clusters. From these data, the ratio of the
mass of the hot gas to the mass of the dark matter in a cluster is found. The observed
values of the gas fraction depend on the assumed distance to the cluster, which in
turn depends on the curvature of space and the amount of DE in the universe.
Because galaxy clusters are so large, they are thought to represent a fair sample
of the matter content in the universe. If so, then relative amounts of hot gas and
dark matter should be the same for every cluster. Using this assumption, Allen and
colleagues adjusted the distance scale to determine which one fit the data best (Allen,
2004). These distances show that the expansion of the Universe was first decelerating
and then began to accelerate about six billion years ago.
Chandra’s observations agree with supernova results including those from
the Hubble Space Telescope (HST), which first showed dark energy’s e↵ect on the
acceleration of the Universe. Chandra’s results are completely independent of the
supernova technique - both in wavelength and the objects observed. Chandra also
agrees with the COBE observation of a spatially flat universe.

2.4.1

DE-influenced behavior in large scale structures
The behavior of an orbiting test mass at the outskirts of a large scale structure

is modified by DE. A perturbing force from DE acts on smaller scale structures also,
but the dynamics of the system are una↵ected. For example the perturbing e↵ect of
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DE to orbits around the Sun is negligible on observable time-scales. Orbital periods
are much shorter than the Hubble time, so the dynamics are una↵ected by the very
slowly changing e↵ective potential.3 The distance from the Sun where DE becomes
relevant to the dynamics contains a volume of space much larger than that occupied
by the Sun and its satellites, i .e. the Solar System operates well within a region where
the Newtonian force of gravity is much greater in magnitude than the opposing DE
force. In Equation 3.10 the first term on the right hand side is the Newtonian force
and the last term is the force from DE: Newtonian physics dominates at small radii
and DE at large radii.
Use Equation 3.17b, or Equation 3.28, to estimate the outermost orbit of a test
mass around a clump of mass M = M , where the force of DE becomes comparable
to the Newtonian force of the central mass. A test mass must be at least 100 pc from
a star-sized clump for its path to be noticeably modified by DE. This distance from
the Sun is well inside the bounds of the Galaxy, where a particle’s path is determined
by other competing forces within the Milky Way.
A test mass, e.g. a galaxy, orbiting at the outskirts of a large scale structure
has a period comparable to the Hubble time. While orbits around a large central
mass are certainly unobservable, line-of-sight velocities for low redshift sources are,
for example. Therefore, DE-influenced behavior may be observable in the outskirts,
where a test mass is sufficiently isolated from other perturbing forces. At the outskirts,
comparable, opposing forces act on the test mass: the gravitational attraction of the
3

Kerr et al. (2003) show the e↵ect of DE is negligible in the Solar System.
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clump and the repulsion of the DE-dominated cosmic substratum. DE-influenced
behavior should be discernible in this region.
The hot intracluster medium at the outskirts of a cluster of galaxies is also
a relevant place to look for behavior modified by the repulsive force of DE. In a
DE-dominated universe clusters have a maximum virialization radius, defining an
outermost surface to the surrounding baryonic halo. The observed properties of
baryonic halos are contrastable with those properties expected in a ⇤-dominated
universe. For example, the radius that marks the extent of the halo, as given by
Equation 4.12, is on par with the value of 5 Mpc obtained from Sunyaev-Zel’dovich
observations of the Coma cluster by the Planck satellite Ade et al. (2013).
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Figure 2.3: Joint confidence regions on ⇤CDM models, from clusters, CMB and
SN1a results. Allen et al. (2011)
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CHAPTER 3

ORBITS

3.1

E↵ect of dark energy on bound systems
The aim is to determine DE-induced, observable behavior in large scale systems.

We start by considering the outermost region of a large gravitationally bound structure,
where the presence of DE a↵ects the behavior of an orbiting test mass. A relevant
test mass could be a galaxy-sized body orbiting a cluster or galaxy. At the outskirts
of a large scale central mass concentration orbital periods are comparable to the
Hubble time, so the dynamics there are cosmology dependant. DE is a ‘long-range’
force as it is proportional to the distance from the center of mass of the system, see
Equation 3.10, i .e. at large distances DE begins to dominate over Newtonian gravity.
Galaxy wide-pairs and clusters of galaxies are ideal systems to consider. When
sufficiently isolated, the dynamics of test masses at the outskirts are largely una↵ected
by the gravitational influence of other large scale systems. Now is a suitable time to
define the ‘outskirts’ of a central mass concentration. This region marks a definite
boundary to a mass clump in a DE universe, in contrast to a matter-dominated
universe where a boundary is ambiguous.
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From both theoretical and observational standpoints, an unresolved aspect of
large gravitationally bound structures is a boundary radius. In an ⇤CDM cosmology
the boundary to a gravitationally collapsed system or clump is defined by contrasting
forces from the components of active gravitational mass1 . It encloses a region of
space beyond which matter is free from the gravitational attraction of the clump and
is instead a member of the universal Hubble flow expansion. Note, in an universe
without DE the boundary radius of a mass clump is undefinable; Peacock shows in
his ‘diatribe on expanding space’ there is no local e↵ect on particle dynamics from
the global expansion of the universe (Peacock, 2008).
The repulsive force of DE from non-clumping vacuum energy density and
the attractive force from matter act in opposition at any point in the universe,
subsequently creating a well-defined boundary to a clump. Specifically, the boundary
is set by the equality of opposing forces at a particular radius. The opposing forces
originate from the active gravitational mass inside the boundary: an attractive force
from both the central mass concentration and the background matter density, and a
repulsive force from DE. Redshift of background matter density surrounding a mass
clump in turn enables DE an increased influence on escaping gas and orbits.
Traditionally, a boundary is defined (within reason) in units of overdensity of
the clump; neglecting a ⇤ component there is no well-defined cut-o↵ radius indicating
where the gravitational influence of the clump ends and where Hubble flow takes over.
There are at least three reasons why the boundary radius is important: the mass and
1

This is seen in Friedmann’s force Equation 1.3.
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spatial extent of dark halos, the location and quantity of baryons in a bound structure,
and the large scale dynamics of structures in an ⇤CDM cosmology.
The first reason is quite well-known, viz. it is pertinent to any e↵ort in obtaining
a reliable theoretical estimate of the total mass and spatial extent of the ‘dark halos’
in galaxies and clusters. From numerical hydrodynamic simulations there emerged a
widely used ‘universal’ profile, known as Navarro-Frenk-White profile (see Navarro,
Frenk, and White (1995), (1996), (1997) and the earlier work of Dubinski and Carlberg
(1991)) for clusters and groups of the form

⇢m (R) =

⇢s Rs3
R(R + Rs )2

(3.1)

for the matter density distribution, where in Eq. (1) R denotes an invariant physical
radius of the bound structure; Rs is a constant scale radius, and ⇢s is the central
density parameter. But since at the outer radii R

Rs the density scales as ⇢m (R) ⇠

1/R3 , and there is no further change of functional form with increasing distance,
i.e.

hierarchical structure formation codes do not reveal the surface radius of a

clump, the total integrated mass is divergent unless an upper limit (or cuto↵) radius
R is ‘manually’ assigned via the ‘tapered NFW models’ (Springel and White 1998,
Lokas and Mamon 2001). Conventionally the boundary is set at R = r200 , sometimes
referred also to as the virial radius, defined as the radius at which the enclosed matter
density is 200 times above the critical density

⇢c =

3H02
.
8⇡G
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The choice of the virial radius R is probably just a matter of convenience, e.g. for a
rich cluster like Coma one may envisage a virial mass ⇠ 2 ⇥ 1015 M , in which case
a factor of 200 overdensity would lead, via the equation

⇢200



M200
= 4 3 = 200⇢c =) r200 =
⇡r200
3

3M200
800⇡⇢c

!1/3

,

1/3

to R ⇡ 2.6 M/(2 ⇥ 1015 M )

Mpc, which is close to the value believed to be

‘reasonable’ (Lokas & Mamon 2003).
The second reason has to do with the baryons rather than the total mass of
a bound structure. The latter is dominated by the presumably cold and collisionless
dark matter, and the former consists of virialized or partially virialized interacting
particles. The shape of the density profile, or more precisely the ‘e↵ective potential’,
at radii near the boundary of the structure may determine the ‘scale height’ of the
baryon atmosphere and its temperature. There is more gas escaping a cluster’s
gravitational potential well, as gas at the virial radius of a cluster requires less kinetic
energy to escape from the gravitational potential well. Such a study is relevant to
the ‘gas fraction’ (defined as the mass ratio of baryon to dark matter) problem,
as observations indicate that this fraction is beneath the cosmic mean value in the
interior of clusters, yet increasing monotonically towards the outskirts (Bonamente
et al. 2012), pointing therefore to the possibility of a baryonic outflow of hitherto
unknown cause. The mechanism describing how DE is a potential contributing factor
to this increase is in Chapter Four.
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The third reason is the need to better understand the large scale dynamics of
structures, in particular their mutual forces amidst the cosmic ⇤CDM substratum –
at what point does gravity finish and the repulsive force of DE take over. Here arrives
a suitable moment for us to remind the reader that the aforementioned ambiguity of
the boundary radius is nonexistent if the universe has non-vanishing ⇤. Reiterating,
gravity and DE act in opposition so there is a ‘stando↵’ radius at which the two
forces cancel each other, i.e. despite the long range e↵ect of gravity (when it is the
only force) a boundary must exist and it must also be very sharp and well-defined.
The interaction between DE and galaxy pairs leads to conditions that indicate the
system is either imminently unstable or evolving to become increasingly eccentric. In
view of this, the evolution of galaxy pairs, specifically the so-called ‘wide-pairs’ at low
redshifts, is especially a↵ected by the cuto↵ and could be used as a test bed of ⇤.

3.2
3.2.1

E↵ect of Hubble expansion on orbits
Birkho↵ Theorem
We begin with a heuristic treatment of the motion of a small test particle

of unit mass within some physical distance R from the center of a large spherically
symmetric mass concentration of mass excess M in an otherwise homogeneous universe.
Since the environment experienced by the test mass is isotropic, Birkho↵ Theorem
is applicable, so when considering the weak gravity (GM/R ⌧ c2 ) limit one writes
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down the energy equation

1 2 1 2 ˙2
Ṙ + R
2
2

GMtotal
= constant.
R

Included in Mtotal are a central mass concentration M the mass contribution from the
mean background density of matter ⇢¯m and the constant density of vacuum energy
⇢⇤ .
Ṙ2 +

J2
2GM
8⇡G 2
=
+
⇢¯R + constant.
R2
R
3

(3.2)

The conserved specific angular momentum of the system (angular momentum per unit
mass), due to space isotropy, is given by J. So the angular velocity of the particle is

˙ = v? = J .
R
R2

Take a test particle on a spherical surface, whose origin is coincident with the
central mass concentration’s origin. The isotropic matter distribution exterior to the
particle’s sphere contributes a constant potential at the location of the particle, so the
particle experiences no net gravitational acceleration by anything outside its sphere;
conversely the particle only experiences forces from the material inside its sphere.
This fact, unrelated to the boundary radius of matter and DE, originates from one
of Newton’s theorems on spherical systems; Birkho↵ Theorem is a relativistic version
of this theorem.
The constant in Equation 3.2 vanishes in the case of a flat universe (the value
of this constant is unimportant to our work here). Now Equation 3.2 assumes that
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test particle is located at a sufficiently large R for the central clump M to be regarded
as a point mass. If the density at the position of the particle is above the mean density
⇢¯, however, Equation 3.2 will have to be modified to take account of the internal mass
profile of the clump.
Turning to the mean density itself, if the universe comprises non-relativistic
matter of ⇢m ⇠ 1/R3 and DE ⇢⇤ = constant such that ⇢¯ = ⇢¯m + ⇢⇤ , then

Ṙ2 +

i 8⇡G
J2
2G h
4⇡
3
=
(M
+
⇢
¯
R
)
+
⇢⇤ R2 + constant.
m
R2
R
3
3

(3.3)

Di↵erentiate Equation 3.3 w.r.t. the time t whilst holding the angular momentum J
fixed by virtue of space isotropy and keeping the mass term in brackets constant. The
interval of time over which the di↵erentiation is carried out is much shorter than the
Hubble time and is much less than the period of time necessary for ⇢¯m R3 to evolve
substantially.
R̈ =

GM
R2

4⇡G
8⇡G
J2
⇢¯m R +
⇢⇤ R + 3 .
3
3
R

(3.4)

The relative sign di↵erence between the matter and DE terms leads to two opposing
forces acting on the test particle, one attractive and the other repulsive. At the
critical radius where they balance, there is no radial acceleration of the particle, and
bound orbits are prohibited beyond this radius.
This heuristic treatment gives the same equation of motion Equation 3.4 as
a general relativistic treatment Equation 3.7, and integration of the force equation
gives the e↵ective potential Equation 3.12.
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3.2.2

General relativistic treatment
We restrict our discussion to a spatially flat Friedmann-Robertson-Walker

universe with a centrally collapsed positive density fluctuation ⇢ = ⇢

⇢¯ such that

⇢/¯
⇢ ⌧ 1. In the longitudinal gauge2 the perturbed metric is

ds2 = (1 + 2 )dt2

where

h
i
2 )a2 (t) dr2 + r2 (d✓2 + sin2 ✓d'2 ) ,

(1

is the Newtonian potential due to ⇢, which we assume to be spherically

symmetric of total mass excess M and slowly varying due to DE. Thus one only
needs to look at test particles moving on the equatorial plane ✓ = ⇡/2. Further, we
assume the motion is non-relativistic, and physical distances are small compared with
the Hubble radius: HR ⌧ 1, where R = ar, and H = ȧ/a. Working only to lowest
order finite values of the quantities , HR, and a2 (ṙ2 + r2 '˙ 2 ), the geodesics are found
by varying the geodesic Lagrangian

2L = (1 + 2 )

✓

dt
d⌧

◆2

2

a (t)

"✓

dr
d⌧

◆2

+r

2

✓

d'
d⌧

◆2 #

.

First consider the relationship between proper time and coordinate time from
ds2 = d⌧ 2 , i .e.

2

d⌧ =

(1 + 2 )

2

a (t)

"✓

2

dr
dt

◆2

+r

2

✓

d'
dt

◆2 # !

dt2 .

The result so derived is gauge independent because the scales of interest are well beneath the
horizon.
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is of comparable order to a(t)2 (ṙ2 +r2 ˙ 2 )/2,

Here we are considering scenarios where

therefore the e↵ect of time dilation is very small, especially for the integration time
considered, so proper time may be identified with coordinate time t ⇡ ⌧ .
The Euler-Lagrange equation for :

@(2L)
@

Since

d
dt

✓

@(2L)
@˙

is cyclic,
d
d⌧

@(2L)
@˙

!

◆

=0

= 0,

which implies
p = a2 r2 ˙ = constant = J.

@(2L)
@r

d
dt

✓

@(2L)
@ ṙ

◆

=0

Since t = ⌧ the geodesic equation simplifies to
h
i
a2 (t) ṙ2 + r2 ˙ 2 .

2L = (1 + 2 )

@(2L)
=
@r
d
dt

2a2 r ˙ 2 + 2
✓

@(2L)
@ ṙ

◆

@
=
@r

=
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4aȧṙ

2

J2
GM
+2 2
2
3
ar
ar
2a2 r̈

The Euler-Lagrange equation becomes

GM
J2
+
.
R2
R3

ar̈ + 2Haṙ =

(3.5)

From Ṙ = ȧr + aṙ it follows that

ar̈ + 2Haṙ = R̈

ä
R,
a

and substituting this into Equation 3.5 gives

GM
J2
ä
+
+ R.
2
3
R
R
a

R̈ =

(3.6)

The last term in Equation 3.6 is substituted for the Friedman equation Equation 2.3.
So we have,
R̈ =

GM
J2
+
R2
R3

4 ⇣
⇡G ⇢¯m
3

⌘
2⇢⇤ R.

(3.7)

Since ⌦i = ⇢i /⇢c ,
⇢⇤ =

3H02
⌦⇤,0
8⇡G

and
⇢m =

3H02
⌦m,0 (1 + z)3 ,
8⇡G

so it is possible to write Equation 3.7 as

R̈ =

h
GM
J2
2
+
+
H
⌦⇤,0
0
R2
R3
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1
⌦ (1
2 m,0

i
+ z)3 R,

(3.8)

where H0 is the present Hubble constant and ⌦m,0 ⇡ 0.3 and ⌦⇤,0 ⇡ 0.7 are the
normalized densities.3 Defining the symbols

q=

⌦m (1 + z)3
2

⌦⇤ , and ↵ =

qH02 ,

(3.9)

with the former being the usual deceleration parameter and the latter a positive
quantity during ⇤-domination.

R̈ =

3.3

GM
J2
+
+ ↵R.
R2
R3

(3.10)

Orbital ephemeris
During earlier times z & 0.67 when the last term of Equation 3.10 is negative,

there was another attractive force in additional to that of the central mass M , due
to the cosmic substratum being matter-dominated. An orbit remains bound in those
times. In the recent DE era, however, the same term turns more and more negative
until it saturates and becomes a constant. Marginally bound orbits will become free
in this era.
One gains further insight on how orbits evolve by integrating Equation 3.10
over a period in which the last term has not changed too much to obtain the energy
equation.

Such an interval ranges from many orbits to a segment of an orbit,

3
Henceforth, we shall write the densities ⌦m,0 and ⌦⇤,0 as ⌦m and ⌦⇤ , where it is understood
they are given at the present epoch, unless otherwise stated.
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depending on the size of the orbit and M .

1 2
Ṙ
2

+ V = E,

(3.11)

where E = E(t) is the total energy per unit mass of the satellite (test) particle and

V (R, t) =

J2
2R2

1 2
J2
↵R =
2
2R2

GM
R

GM
1
+ qH02 R2 .
R
2

(3.12)

is the e↵ective potential, with a maximum at Rmax as well as a minimum at Rmin , both
time evolving. The conservation of the ‘total energy’ E is of course only approximate.
The total time derivative of the energy equation gives the dependance of Ė on ↵,
˙ by
assuming R̈ =

@V (R, t) /@R :

R̈Ṙ + V̇ = Ė

R̈Ṙ

✓

J2
R3

◆
GM
+ ↵R Ṙ
R2

↵ 2
R =
2

✓

@V
R̈ +
@R

◆

Ṙ

↵ 2
R = Ė.
2

E changes at the rate
Ė =

1 2
↵R
˙ ,
2

(3.13)

and this relation is exact. Recall ↵ increases with time as the background matter
density is redshifted away. Since ↵˙ > 0, it appears E becomes more negative such
that a bound orbit moves in the direction of becoming more circular, or more bound
(as |E| increases the eccentricity decreases); however, with V also time dependent,
the energy of the orbit and Vmax approach such that the orbit moves in the direction
42

Figure 3.1: E↵ective potential, as given by Equation 3.12, plotted against the
physical radius R for a test mass orbiting a 1015 M cluster (top) and a 1012 M
galaxy (bottom). In each case, the eras at which the potential is evaluated are z
= 2 (matter-dominated) and z = 0 (transition from matter to ⇤-domination). The
potential exhibits a maximum as z ! 0. The angular momentum for each graph is
set by the tangential physical velocity at R = Rmax , which is 350 km s 1 (top) and
35 km s 1 (bottom).

of becoming more eccentric and less bound. So a combination of Ė and V̇ determines
the boundedness of the orbit.
The behavior of V (R, t) is plotted in Figure 3.1 for cluster and galaxy-sized
central bodies. Several features are immediately apparent. First, in the matter era
all orbits are bound because there is no well-defined boundary defining where the
gravitational influence of the clump ends and the Hubble flow takes over. Second, in
the DE era the standard criterion of E < 0 for bound orbits is no longer sufficient, as
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there is a maximum for V at large R which may be negative, and which in general is
determined by the quantities J, M , z, and the two normalized densities ⌦⇤ and ⌦m .
The radius Rmax of maximum V is the large R solution of the quartic

@V
= 0 =) GM R
@R

J2

↵R4 = 0,

(3.14)

satisfying
V 00 < 0 =) 3J 2

↵R4 < 0.

2GM R

(3.15)

For small angular momentum J and large central mass excess M , Equation 3.14
reduces to a cubic and gives Rmax ⇡ (GM/↵)1/3 . These conditions require J 2 ⌧
GM Rmax which gives
J2 ⌧

✓

G4 M 4
↵

◆1/3

.

(3.16)

One finds the minimum and maximum of V occur at approximately

Rmin

J2
↵J 8
⇡
+ 5 5;
GM
GM

Rmax ⇡

✓

GM
↵

◆1/3

,

(3.17)

where an iterative solution,
R=
to dV /dR = 0 is used to find

J2
+ X,
GM

R = X. Here J 2 /(GM )

X, which is equivalent

to condition Equation 3.16 and also translates to Rmin ⌧ Rmax . The minimum and
maximum of the e↵ective potential are found by evaluating the potential at radii
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Rmin = J 2 /(GM ) and Rmax = (GM/↵)1/3 :

Vmin =

G2 M 2
2J 2

↵J 4
; Vmax =
2G2 M 2

3
(GM )2/3 (↵)1/3 =
2

3
( q)1/3 (GM H0 )2/3 .
2
(3.18)

We now discuss a pair of critical orbits. If (a) the energy E = Vmin , the
orbit will begin circular. The e↵ect of DE is to slightly increase the period of the
orbit, by causing the particle to oscillate about Rmin = J 2 /(GM ). One way to find
the frequency of oscillation about Rmin is perturb the orbit slightly by substituting
R = Rmin + X into the force equation (Boccaletti and Pucacco, 1996). For a circular
orbit, R̈ = 0, so Equation 3.10 leads to the condition

J2
GM
= 2
3
Rmin
Rmin

↵Rmin .

(3.19)

⇣
The first term on the right hand side is much greater than the last (GM/↵)1/3 = Rmax
but is kept to make explicit the orbital period’s dependence on ↵. To find the equation
of motion Ẍ, R̈ is written as
R̈ =

J2
R3

dV ⇤
,
dR

where
dV ⇤
GM
= 2
dR
R
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↵R.

(3.20)

⌘
Rmin ,

Substitute the perturbed radius R = X + Rmin , where X ⌧ Rmin , and use the Taylor
series expansion of dV ⇤ /dR about Rmin , dropping terms beyond linear in X

Ẍ

J2
3
Rmin

✓

X
1+
Rmin

◆

3

=

dV ⇤
dR

X
R=Rmin

d2 V ⇤
dR2

.
R=Rmin

Using the binomial theorem to expand the second term on the left hand side and
using condition Equation 3.19,

J2
dV ⇤
=
3
Rmin
dR

,

(3.21)

R=Rmin

the above simplifies to the simple harmonic oscillator equation, Ẍ + ! 2 X = 0, with
angular frequency

!=

dV ⇤
3
dR

Rmin

1
d2 V ⇤
+
Rmin
dR2

Rmin

!1/2

.

(3.22)

The speed and instantaneous period are given respectively by

2
2
v?
= ! 2 Rmin
=

GM
Rmin

2↵J 8
GM
⇡
; P =
2
2
2
G M Rmin
Rmin

2⇡
G4 M 4
J6

4↵

1/2

.

(3.23)

The speed is found by keeping only lowest order terms in ↵. The period of the
orbit increases with time as ↵ increases. A nearly circular orbit evolves to become
increasingly eccentric, on a timescale comparable to the age of the universe. Taking
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into account condition Equation 3.16 the period simplifies to

P ⇡ 2⇡

J3
1
⌧p
.
2
2
GM
q0 H 0

(3.24)

Condition Equation 3.19 also implies

0

3
J 2 = Rmin
V ⇤ (Rmin ) = constant.

The time derivative of this gives the expected rate of increase of the minimum point
of the e↵ective potential Ṙmin , where Rmin,0 ⇡ J 2 /(GM ), giving

GM Ṙmin

4
↵R
˙ min

3
4↵Rmin
Ṙmin = 0.

Substituting Rmin = Rmin,0 and using condition Equation 3.16 shows Ṙmin agrees with
Equation 3.17a:
Ṙmin = ↵˙

4
Rmin,0
J8
⇡
↵.
˙
3
GM 4↵Rmin,0
G5 M 5

(3.25)

On the other hand if (b) E . Vmax , the orbital period of this most elongated orbit
(i.e. one with the aphelion approximately at Rmax ) will be P = ⇡GM/
⇡GM/

p

p

2E 3 =

3
2Vmax
:

P =p

2⇡/3
.
3qH0

(3.26)

This period is always comparable to the Hubble time.
Third, in the DE era there is a scenario (c) under which the only bound orbit
possible is circular and unstable. This occurs when the inequality Equation 3.16 is
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replaced by
3GM
J =
4
2

✓

GM
4↵

◆1/3

,

(3.27)

an equation that represents also the condition for the largest possible circular orbit,
at the radius of which V reaches the saddle point V 0 = V 00 = 0, where Rmax and Rmin
approach each other. In fact, such a critical radius is found by requiring ! 2 from
Equation 3.22 to be positive and solving for the largest possible Rmin :

Rmin < Rsaddle =

✓

GM
4↵

◆1/3

,

(3.28)

and from condition Equation 3.27 it follows that

Rsaddle =

4J 2
3GM
=
.
2
3GM
4v?

(3.29)

Thus this ‘special’ orbit is unlike the usual circular orbits that satisfy the balance of
centrifugal force and gravity, namely Equation 3.23 where there are no saddle points.
The di↵erence by the factor of 3/4 is due to the role played by the repulsive force of
the cosmic substratum. Its period

2⇡
2⇡
P =p =p
3qH0
3↵

(3.30)

is comparable to the Hubble time as well.
To gain a numerical feeling of the various quantities, calculate representative
values of the critical radius, or radius of the ‘outermost bound quasi-circular orbit’,
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for a cluster or galaxy sized central mass excess.

For a cluster one finds from

Equation 3.29

R=7

✓

and
v? = 670

M
15
10 M

✓

◆1/3 ⇣

M
15
10 M

◆1/3 ⇣

q0 ⌘
0.55

1/3

✓

q0 ⌘1/6
0.55

h
0.7

✓

◆

h
0.7

2/3

◆1/3

Mpc,

(3.31)

km s 1 ;

(3.32)

while in the latter case one substitutes M = 1012 M to the above formulae to obtain
R ⇡ 0.7 Mpc and v? ⇡ 70 km s 1 . If the angular momentum satisfies Equation 3.27
and the orbital radius exceeds the value given by Equation 3.31 for the appropriate
M , a satellite orbiting around a cluster or galaxy cannot under any circumstance be
gravitationally bound in either scenario.
For clusters the issue is academic in practice, because the timescale of a full
orbital cycle exceeds the Hubble time for orbits of size at or near the scale in question
(i.e. over such long periods Equation 3.11 no longer follows from Equation 3.10.
Instead, the relevance of DE to clusters is its e↵ect on di↵use virialized gas – a topic
to be discussed in Chapter 4.
For orbits around galaxies one can indeed envisage a test of DE by a statistical
study of the behavior of galaxy wide-pairs, i.e. pairs of galaxies with projected
separation in excess of 1 Mpc (Chengalur et al. (1993), and Nordgren et al. (1997)).
Specifically, the number of such wide pairs should be consistent with them being in
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existence by chance coincidence, i.e. there cannot be genuine wide-pairs formed by
tidal interactions.
The following is shared as an interesting analogy between the potential of very
compact objects and the potential considered hitherto. For more compact orbital
systems, for example orbits around a black hole or neutron star, an additional
‘-1/R3 ’ term from General Relativity becomes relevant in the potential. With the
addition of this term, circular orbits are not possible at arbitrarily small radii in
these more compact systems. Therefore, such potentials produce innermost ‘stable’
circular orbits, due to a repulsive barrier that goes to negative infinity at small radii
in contrast to the DE repulsive barrier that goes to negative infinity at large radii.
Recalling Bertrand’s theorem, these more compact orbits are also open, but with a
perihelion advancing on time-scales much longer than the orbital period of the system.
Analogously for binary galaxy systems circular orbits are not possible at
arbitrarily large radii. These systems possess an outermost circular orbit that is
imminently unstable, as the evolving DE potential works to increase the eccentricity
of the orbit. The phenomenon provides another way of testing the dark energy
interpretation, via the observation of wide (1 Mpc) galaxy pairs at low redshifts,
as their line-of-sight velocities should indicate that they are at best only marginally
bound.
The purpose of this chapter is to examine how bound orbits evolve in a DE
universe (which necessarily means these orbit live in the present era H = H0 ).
Therefore other DE induced phenomena as orbital precession (explored fully by Kerr,
Hauck, and Mashhoon (2003)), are treated only briefly below for completion.
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3.3.1

Perihelion advance
J. Bertrand showed the only central potentials producing closed orbits are

the planar oscillator and Newtonian potential.

Orbits in our e↵ective potential

Equation 3.12 are open, according to Bertrand’s theorem on closed orbits. Following
Boccaletti and Pucacco we calculate the instantaneous period of an almost circular
orbit, R = R0 , to demonstrate orbits are open, for this e↵ective potential. Equation 3.21,
where ˙ = J/r2 =

p
(dV ⇤ /dr)/r, and Equation 3.22, where the period of an orbit is
P =

2⇡
⇤

3 dV
dR

1
R

+

d2 V ⇤ 1/2
dR2

,

combined give the apsidal angle

=⇡

2

dV ⇤
dR
2

⇤

⇤

R ddRV2 + 3 dV
dR

!1/2

.

The apsidal angle equals ⇡ for the Newtonian potential. Using Equation 3.20 and
keeping only first order terms in ↵, this becomes
!
3 ↵ 3
= 2⇡ 1 +
R ,
2 GM
and in a ⇤-dominated universe,
!
|q0 |H02 R2 /2
= 2⇡ 1 + 3
.
GM/R
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The perihelion advances as expected in a matter-dominated universe, with ↵ approaching
zero from below, and advances in a ⇤-dominate universe, with ↵ becoming increasingly
positive. This is consistent with the instantaneous periods of nearly circular orbits
increasing with time, see Equation 3.23b and Figure 3.1, and note R02

/P = J =

constant.

3.3.2

Critical orbits
We begin with the critical orbits, viz. the scenarios of (a) to (c) of the last

section. In (a), if an orbit is initially circular, i.e. R = Rmin , by Equation 3.13 and
Equation 3.12 Ė will to lowest order be constant and equal to @V /@t|R =

2
↵R
˙ min
/2 as

the satellite moves. Thus, after one orbital period given by Equation 3.23 the position
of Ṙ = 0 will be at the same radius as before, except that by then V will no longer
be minimized there because Rmin is displaced by the amount given by Equation 3.25
and Equation 3.23:

Rmin ⇡

@Rmin
↵J
˙ 8
↵J
˙ 11
P =
P
=
2⇡
.
@t
(GM )5
(GM )7

The initially circular orbit (e = 0) becomes slightly elliptical, with eccentricity

e = ėP = |Ė|

2Raph
R3
P = ↵˙ min P
GM
GM
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(aphelion and perihelion initially equal to the radius of the circular orbit Rmin ), so

e = 2⇡

J 9 ↵˙
,
(GM )6

and has an average aphelion advancement rate of

Rmin
↵J
˙ 8
=
.
P
(GM )5

3
2
The latter is of order H03 Rmin
/v?
which is very small (even for Rmin = 1 Mpc and

v? = 300 km s

1

the rate is only ⇡ 10 km s 1 ). Nevertheless, it is confirmed that

the orbit evolves to become less bound. It should be mentioned that the changing of
a circular orbit to elliptical does not imply the universe has a preferred direction, as
this direction is actually set by phase space initial conditions.
In (b), a marginally bound orbit with E . Vmax has, by Equation 3.26, a period
P ⇡ 1/H0 , hence it is reasonable to assume that the satellite spends most of its time
at or near the aphelion, i.e. R ⇡ Raph is a constant, in which case Ė ⇡

2
↵R
˙ aph
/2,

where Raph . Rmax with the latter defined by Equation 3.17b. This means, in turn,
that
1 2
1
|Ė| < ↵R
˙ max = ↵˙
2
2

✓

GM
↵

◆2/3

= |V̇max |,

where the last step is taken with the aid of Equation 3.18. Thus it is evident that
E will eventually reach the level Vmax from below. At this point E and Vmax will
go down at the same rate, since Raph = Rmax , while Rmax continues to decrease
by Equation 3.17b and the fact that ↵˙ is positive, i.e. as time elapses further the
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satellite will find itself on the other side of the potential barrier, and its orbit has
become unbound.
In (c), the only bound orbit possible is the largest circular orbit with R =
Rsaddle . From here onwards, E and V (Rsaddle ) go down with time in tandem while
Rsaddle also decreases, i.e. R will soon become R > Rsaddle and the satellite has
escaped.

3.4

Bound orbits in general, adiabatic invariant
For an arbitrary bound orbit of Vmin ⌧ E ⌧ Vmax , or more explicitly from

Equation 3.18,
2

2

G M ↵)

1/3

⌧ |E| ⌧

✓

GM
J

◆2

,

(3.33)

quantifying its evolution is a more arduous task because both the time dependence
of ↵˙ and R have to be taken into account (in particular, the change of R with time
as the satellite moves along such an ‘intermediate’ orbit must be considered) when
integrating Equation 3.13 to produce E(t).
Nevertheless, since the period of this class of orbits is ⌧ 1/H0 it is possible to
take advantage of the adiabatic invariant

I=

Z

Raph
Rper

p
E
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V (R) dR,

which we evaluate by treating the ↵R2 /2 term of the e↵ective potential Equation 3.12
as a perturbation (Landau and Lifshitz, 1976), viz.

IR =

Z

"✓

Raph

dR
Rper

J2
2R2

GM
E+
R

◆1/2

↵R2
+
2

✓

GM
E+
R

J2
2R2

◆

1/2

#

.

The first term of the integrand leads to the standard result for the radial action
variable pR of the Kepler problem, i.e.
Z

Raph

dR
Rper

✓

J2
2R2

GM
E+
R

◆1/2

⇡
=p
2

✓

GM
p
2E

◆

J .

The second term is handled by the substitution

R=

J2
1
GM 1 + e cos

which converts the integral to one of the form
in
⇡J
IR = p
2
where

✓

p

1
1

e2

R

d /(1

e cos )4 , resulting altogether

◆

⇡↵J 7
1 + p
(2 + 3e2 )(1
4
4
4 2G M
"

e = 1 + 2E

✓

J
GM

e2 )

7/2

,

◆2 #1/2

(3.34)

(3.35)

is the lowest order contribution to the orbit eccentricity.
p
Rewrite Equation 3.34 in terms of yet another variable y = 1/ 1
GM/(J

p

e2 =

2E), so that the statement of IR as an adiabatic invariant, dIR /dt = 0, is
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expressed as

⇡↵J 7 ẏ
p
(35y 6
4 2G4 M 4

⇡J
15y 4 ) + p ẏ =
2

⇡ ↵J
˙ 7
p
(5y 7
4 2G4 M 4

Under the criterion Equation 3.33 for intermediate orbits y

3y 5 ).

1, so that only the 3rd

term on the left side and the 1st term on the right of the equation need to be kept,
leading to the solution

E=



15
(GM )2 (↵ + ↵0 )
16

1/3

,

(3.36)

where constant ↵0 is much greater than ↵, satisfying condition Equation 3.33. This
results in the rate of change of energy

Ė =

5
16

✓

GM
E

◆2

↵.
˙

(3.37)

The energy equation, Equation 3.11, and Equation 3.33 are used to compare
|Ė| to |V̇ (Raph )| and to |V̇ (Rper )|,

E

V (R, t) = E

Since (GM/↵)1/3 ⇡ Rmax

Raph

J2
GM
1
+
+ ↵R2 = 0.
2R2
R
2

(3.38)

Rmin ⇡ J 2 /(GM ), the third term is much

greater than the 2nd and 4th . Also in magnitude E is much greater than the 4th term,
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owing to Equation 3.33:

1 2 2 1/3 ↵ 2
(G M ↵) = Rmax
2
2

|E|

↵ 2
R .
2 aph

Two comparable terms in Equation 3.38 remain, E + GM/Raph = 0, giving Raph =
GM/|E|. Which means Equation 3.37 satisfies the following condition

|Ė| <

1
2

✓

GM
E

◆2

↵˙ =

1
(Raph )2 ↵˙ = |V̇ (Raph )|.
2

(3.39)

Since Rper . Rmin the second and third terms of Equation 3.38 are comparable. Also
since Rper ⌧ Raph and Rper ⌧ Rmax , the third term is much greater than E and
the third term is also much greater than the fourth term respectively. In this case
2
Equation 3.38 reduces to J 2 /(2Rper
)

Raph

GM/Rper = 0, giving Rper = J 2 /(2GM ). Since

Rper , Equation 3.37 also satisfies

1
1
|V̇ (Rper )| = (Rper )2 ↵˙ =
2
2

✓

J2
2GM

◆2

↵˙ ⌧ |Ė|.

(3.40)

Combining inequalities Equation 3.39 and Equation 3.40

|V̇ (Rper )| ⌧ |Ė| < |V̇ (Raph )|.

(3.41)

It is now possible to calculate the speed and direction at which the aphelion
and perihelion drift. Consider first the aphelion. After one orbital period P =
⇡GM/

p

2E 3 , the e↵ective potential changes by
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V = V̇ P =

2
↵R
˙ aph
P/2 while

E changes by

E = ĖP . The displacement in the aphelion therefore given by

the relation V 0 (Raph ) Raph =

E

V . Using Equation 3.12, Equation 3.37 and

Equation 3.41 one then obtains the aphelion drift rate, to lowest order,

Raph
3G3 M 3
=
↵,
˙
P
16E 4

(3.42)

which indicates that the aphelion drifts outwards with the rate of order the product of
the Hubble velocity at the distance Raph (viz. H0 Raph ) and the square of the ratio of
this velocity to that of the orbit. For Raph ⇡ 1 Mpc and orbital velocity ⇡ 300 km s 1 ,
the rate is then of order 10h3 km s 1 . A similar calculation for the perihelion leads
to the rate
Rper
5J 4
=
↵,
˙
P
64GM E 2

(3.43)

which is negligible compared with the aphelion by virtue of Equation 3.33.
In summary, because both the perihelion and aphelion drift outwards with
the latter at a much higher rate than the former, the orbit becomes more elliptical,
i.e. intermediate orbits also evolve in the direction of becoming unbound.
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CHAPTER 4

ESCAPE OF BARYONS FROM CLUSTERS OF GALAXIES

4.1

Virial Theorem in a dark energy universe, applications to clusters
Apart from orbits, a gravitationally bound system also manifests itself as a

spatially confined region of thermalized baryons. Notable examples are clusters and
groups of galaxies that harbor a 106

8

K gas accounting for a good fraction of the

baryonic mass of such structures. The bulk of the X-ray and Sunyaev-Zeldovich
measurements to date Vikhlinin et al. (2006), Afshordi et al. (2007), Arnaud et al.
(2007), Sun et al. (2009), and Ettori et al. (2009), with the notable exception of
Landry et al. (2013) and Simionescu et al. (2011), reveal the mass ratio of baryonsto-total matter falls below the value predicted by the standard model.
Here we adopt a simplified, spherical symmetric model of the cluster in an
attempt to implement to ‘lowest order’ the e↵ect of DE on the baryons at the outskirts,
by assuming that the dark matter of mass occupies a core region of radius Rc , in
coexistence with the baryons which extend to a maximum radius beyond the core,
Rb > Rc . A cluster’s dark matter is more centrally condensed than the baryonic
matter, as it has no large non-gravitational motions. In the absence of DE, the
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baryonic halo has in principle no upper bound, but in the presence of it there will be
a finite Rb , that is estimated in Section 4.3.

4.2

Clusters bounded by purely gravitational e↵ect
In Minkowski space1 , up to a certain scale height, the ‘atmosphere’ of baryons

in a dark matter potential well could be approximated as a ‘virialized’ ideal gas in
hydrostatic equilibrium with an estimated2 temperature profile T (R), that is a lower
limit to the actual temperature, such that the mean kinetic energy K̄ equals half the
mean potential energy, or
3kB T =

GM m
,
R

(4.1)

where m = µmp ⇡ 0.6mp (mp is the proton mass and µ is the mean molecular
weight), and M = M (R) is the mass ‘underneath’ a thin shell of radii R and R + dR.
Numerically3 ,

kB T = 4.64

✓

M
15
10 M

◆✓

R
2 Mpc

◆

The equation of pressure balance is GM ⇢b dR/R2 =

1

⇣ µ ⌘
keV.
0.6

(4.2)

dP with P = ⇢b kB T /(µmp ). In

full,
GM (R)⇢b (R)dR
GM (R)⇢b (R)
=
dR
2
R
3R2
1

kB T (R)
d⇢b .
µmp

(4.3)

‘Minkowski’ implies expansion of space is neglected.
This estimated temperature is a lower limit. Considering the external pressure from a shell of
baryons above would increase the temperature; however, the temperature estimated here is sufficient
for our purpose.
3
kB T = 4.61 keV when using the average kinetic energy from the generalized Virial Theorem
Equation 4.9.
2
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Equation 4.3 is solvable under the supposition that the baryonic mass beyond Rc is
a small fraction of the core mass Mc within Rc . The solution to Equation 4.3 with
M (R) = Mc for R > Rc is
⇢b (R) ⇠

1
, R > Rc .
R2

(4.4)

Note, however, this power-law scaling of the density has no upper radial cuto↵, which
under the ‘minimal loss’ scenario is brought about by the evaporation above the
escape velocity beyond some large and critical radius Re where the collisional mean
free path of the baryons exceeds their atmospheric scale height.
The phenomenon of di↵usive escape is that gas particles with kinetic energy
per unit mass K in excess of the mean value K̄ given by the Virial Theorem by a
sufficient amount escape the cluster potential well, in principle. In practice, however,
a particle with the requisite speed to escape from some radius R < Re has to di↵use
its way outwards. The cumulative e↵ect of many such particles, if there are enough of
them at the radius of interest, will be to drive a wind from there outwards. Here we
simply apply the most conservative (and inevitable) mechanism, the thermal Jeans
escape, and this only happens at R & Re .
Let us first calculate fe (R) at an arbitrary radius R > Rc , by setting aside
for the moment the question of where the ‘last scattering surface’ is (there are
papers in the published literature on this, see below). With a constant amount
of underlying mass Mc , the mean kinetic energy per unit mass of the thermal gas is
K̄ = 3kB T /(2m) = GMc /(2R) for R > Rc , while at such radii the extra kinetic energy
per unit mass, above the mean, required to enable an ‘average’ particle to escape to
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infinity, the place where the total energy is zero, is K = GMc /R. Thus a particle
with kinetic energy satisfying the relation K

2K̄ can escape the gravitational pull

of the cluster.
For a Maxwell-Boltzmann distribution, the ensuing escape fraction is given by

2
fe (R) = p
⇡[kB T (R)]3/2

Z

1

p

3⌘(R)kB T (R)/2

✏ exp



✏
d✏,
kB T (R)

(4.5)

with ✏ = mK and ⌘(R) = 2 for all R > Rc . The result is a constant fe (R) = 11.2
% independent of R (within the range) and even when the underlying mass M is a
function of R, so long as the thermalization occurred in accordance with the Virial
Theorem of K̄ =

V̄ /2. In an earlier work that considered a similar scenario and

arrived also at an escape fraction of commensurate value, viz. Loeb (2007), the baryon
temperature profile was allowed to be more general than this, and ⌘ then becomes
a function of R (note that Loeb (2007) takes into account the ‘balancing’ e↵ect of
ion-electron temperature di↵erence as well). Below we will find ⌘ also depends on R
when DE is taken into account.
For the purpose of mass loss rate estimation, the even more important quantity
to calculate is the flux of escaping particles at R, assuming that R is the radius of ‘last
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scattering’. For Jeans thermal evaporation, this flux is given by a standard formula4
⇣ µm
⌘3/2
d2 Nb (R)
p
Fe (R) =
= nb
dAdt
2⇡kB T (R)
Fe (R) =

Z

1
vesc

Z

(1 + )e
p
2⇡

where the thermal velocity vrms (R) =

p

⇡/2
0

Z

2⇡

vcos(✓)exp
0

nb (R)vrms (R),

!
µmp v 2
d3 v
2kB T (R)

(4.6)

kB T (R)/(µmp ) is the “root-mean-square” of

the random velocities in any one direction at temperature T (R), and nb (R) is the
number density of baryons. The dimensionless Jeans number is

=

For a virialized gas

1
2
µmp vesc
2

kB T

=

= GM µmp /(RkB T ). So

|V |
.
kB T /µmp

(4.7)

= 3; in which case Fe = 0.079nb (R)vrms (R),

i.e. the escape flux is approximately 7.9 % of the flux expected under the scenario of
all the particles moving radially outwards at the thermal speed vrms . The presence of
DE aids the escape of baryonic gas especially on the outskirts of the cluster, increasing
the escape flux by almost a factor of two, as shown in Section 4.4.

4.3

Outskirts of clusters in a dark energy universe
The situation is di↵erent in a ⇤-dominated universe, q =

|q0 |. A particle

with kinetic energy in excess of its potential energy V (R), in absolute value, minus
4
When the magnitude of the velocity component normal to the spherical surface of radius vesc
in velocity space is greater than vesc the particle escapes the cluster. The number of particles with
speed v = vesc and crossing the cluster surface from the outside is taken to be zero if we integrate
over interval 0  ✓  ⇡ the escape flux will be zero as the number moving out equals the number
moving in, which is not the case at the last scattering surface. So we integrate from 0  ✓  ⇡/2 to
account for this fact.
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|Vmax | will escape: the condition to escape the cluster is K

|V |

|Vmax |. From

Equation 3.12 we see that the potential per unit mass is now V = V1 + V2 where

V1 =

GM
, and V2 =
R

1
|q0 |H02 R2 ,
2

(4.8)

for a cluster at low redshift (the angular momentum term in Equation 3.12 plays no
role for virialized systems). Owing to the presence of the V2 term, the Virial Theorem
is di↵erent from its usual version for gas trapped in a pure gravitational field. Instead
it is modified to become
2K̄ =

V̄1 + 2V̄2 ,

(4.9)

where K is the kinetic energy per unit mass and X̄ denotes the average of X over a
timescale ⌧ 1/H0 .

5

More generally, the criterion for escape is K

⌘ K̄, where ⌘ is radially

dependent now, on account of DE.

⌘=

|V |

|Vmax |
GM/R + |q0 |H02 R2 /2 |Vmax |
=
GM/2R |q0 |H02 R2 /2
K̄

(4.10)

Baryons ‘easily’ escape the cluster when ⌘ ! 1, i.e. when the escape criterion becomes
K(Rb ) > K̄(Rb ). Equations 4.9, 4.10 (under the condition ⌘ = 1) imply Rb ⇡ 4 Mpc
(see below for an analytical derivation, resulting in Equation 4.12). At radii beyond
Rb baryons escape with kinetic energy below their average kinetic energy assumed
5

See Appendix B for a derivation of Equation 4.9 with the e↵ect of external pressure included.
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from the generalized Virial Theorem, Equation 4.9, indicating the assumption of
virialization above Rb is untenable.
Satisfying ⌘(Rb ) = 1, baryons with kinetic energy in excess of K̄ at Rb escape.
It turns out that K̄(Rb ) < |Vmax | and Rb < Rmax . Beyond Rb Equation 4.9 is
inapplicable, and baryons are unvirialized. They either have sufficient kinetic energy
to escape the gravitational well (with K

|V | |Vmax |) or are on essentially Keplarian

orbits.
Using the condition ⌘ = 1, the radius satisfying K̄ = |V | |Vmax | and Equation 4.9
is analytically calculated and compared with Rmax . The maximum of the e↵ective
potential Vmax is still given by Equation 3.18b for constant M (as shown below, Rmax
is so large that there cannot be much overlying mass to change M (R) any further).
In solving Equation 4.11, which results from Equations 4.9 and 4.10 (with ⌘ = 1), we
shall find that Rb < Rmax .

GM
+ |q0 |H02 R2
2R

3 1/3
|q0 | (GM H0 )2/3 = 0
2

(4.11)

The validity of Equation 4.11 is contingent upon Rb > Rc , i.e. one can neglect the
mass outside the core by taking M = Mc in the equation as constant.
By rewriting in terms of the dimensionless variable x = RH0 /c, Equation 4.11
becomes
2x3

ux + v = 0,
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where u = (3|q0 |

2/3

(GMc H0 )2/3 /(c2 )) and v = GMc H0 /(|q0 |c3 ) are also dimensionless.

In a cluster environment where R ⌧ c/H0 , the x3 term of the cubic is of little
importance, i.e. x = v/u or

1
Rb ⇡
3

✓

Mc
15
10 M

◆1/3

= 3.94

✓

Mc
15
10 M

◆1/3 ✓

|q0 |
0.55

◆

1/3

✓

h
0.7

◆

2/3

Mpc. (4.12)

This is to be compared with

Rmax ⇡

✓

GMc
|q0 |H02

◆1/3

= 11.8

✓

Mc
15
10 M

◆1/3 ✓

|q0 |
0.55

◆

1/3

✓

h
0.7

◆

2/3

Mpc.

(4.13)

Thus we see our calculated virial radius comes to be Rb ⇡ Rmax /3. This is a ‘true’
virial radius because the gas begins to deviate from hydrostatic equilibrium at this
radius.
With an application of these equations to recent observational data of cluster
Abell 1835, we estimate a virial radius for a cluster that has reached hydrostatic
equilibrium in its outskirts. The cluster is modeled with an NFW density profile. In
a dark energy universe the dark matter profile has a natural cuto↵ radius

defined

below. Baryonic gas in the cluster is best described by a shell model, gas at any
cluster radius is under another layer of gas, so the e↵ect of an external pressure is
included to account for this fact. Hydrostatic equilibrium is assumed to hold at inner
radii and begins to ‘break down’ at a much larger virial radius, estimated for A1835
next.
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4.3.1

Estimating the virial radius of Abell 1835
With the energy from an external pressure included in Equation 4.9 we have

2K̄ =

3P (R)
⇢b (R)

V̄1 + 2V̄2 ,

(4.14)

which is equivalent to the equation of hydrostatic equilibrium in a dark energy
universe. See Appendix B for a derivation of (Equation 4.14), from the equation
of hydrostatic equilibrium.
Next we estimate the external pressure term in (Equation 4.14) with a temperature
profile, where P (R)/⇢b (R) = kB T (R)/(µmp ). The temperature profile T (R) is from
Burns et al. (2010) with average temperature and fitting parameters from Zhang et
al. (2007) and Ichikawa et al. (2013) respectively, for cluster A1835
h
i
kB T (R) = kB Tavg ⇥ A 1 + B(R/R200 ) keV.
Where kB Tavg ⇠ 7.67 ± 0.21 keV A = 1.74 ± 0.03, B = 0.64 ± 0.10,

(4.15)

=

3.2 ± 0.4

and R200 ⇡ 2.2 Mpc (Ichikawa et al. (2013)).
The total mass of the cluster inside radius R, (Equation 4.19), is given by the
full NFW profile, with parameters from the weak-lensing analysis of cluster A1835
(Okabe et al. (2010)), taken in their current form from Ichikawa et al. (2013). ‘Virial
mass’ M and halo concentration c = R /Rs are

15
M = 1.37+0.37
0.29 ⇥ 10 M h
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1

(4.16)

c = 3.35+0.99
0.79 ,

(4.17)

with Hubble parameter h = 0.7. Up to R we define the total cluster mass as follows,
using (Equation 3.1).6

M (R) = 4⇡

Z

R
0

⇢s Rs3
r2 dr.
r(Rs + r)2

(4.18)

!

(4.19)

Integrating, this becomes
"

R
M (R) = 4⇡⇢s Rs3 ln 1 +
Rs

For R = R

#
R
.
R + Rs

in (Equation 4.18) M (R) equals M , of (Equation 4.16), and the

potential reduces to V1 (R) =

GM /R. Otherwise we have the general NFW potential,

V1 (R) =

4⇡G⇢s Rs3

ln(1 +

R
)
Rs

R

To locate the virial radius we solve ⌘ = (|V |

.

(4.20)

|Vmax |)/K̄ = 1 again. The

e↵ective potential maximum Vmax = V (Rmax ) is found by solving for the radius Rmax
which satisfies

d
d
d
V =0=
(V1 + V2 ) =
dr
dr
dr

ln(1 +
3

4⇡G⇢s Rs

R

R
)
Rs

1
|q0 |H02 R2
2

!

.

6
One may consult Okabe et al. (2010) equations (11), (13), and (14) to see how the central
density parameter ⇢s and scale radius Rs are defined in (Equation 4.19), using only M = Mvirial ,
c = cvirial , = virial = 112, and z = 0.253.
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Figure 4.1: Function ⌘ plotted against R. We find ⌘ = 1 at Rb ⇠ 4.5 Mpc. In a
dark energy universe ⌘ < 2 at all radii.

This maximum radius is also the cuto↵ to the dark matter profile, which for our
e↵ective potential is ⇠ 24 Mpc

a figure comparable to the correlation length for rich

clusters (Hong et al. (2012)). This dark matter cuto↵ is more than twice our ‘lowest
order’ estimate of (Equation 4.13) and implies an upper limit to the cluster’s total
mass, Mc (Rmax ) . 7 ⇥ 1015 M . We expect a deviation from hydrostatic equilibrium
well inside this radius. Figure 4.1 is a plot of ⌘(R). The inclusion of a dark matter
profile causes Rmax to move out substantially; however, the virial radius remains very
near to our lowest order estimate of 4 Mpc: Rb ⇠ 4.5 Mpc ⇡ Rmax /5.
To check the results of Figure 4.1, we evaluate the energy contribution from the
external pressure term in (Equation 4.14) in a di↵erent way, by using the pressure and
electron number density profiles of (Nagai et al. (2007)) and (Vikhlinin et al. (2006))
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respectively, substituting P (R)/(2µmp ne (R)) for kB T /(µmp ). We assume nb = 2ne
for a gas of thermalized baryons, with equal numbers of oppositely charged particles.
We take from Ade et al. (2012) and Bonamente et al. (2012) best fitting X-ray pressure
and number density profile parameters obtained from their respective observations of
A1835. We reevaluate (Equation 4.10) with parameters from Bonamente et al. (2012)
(Tables 3 and 4): the overdensity, total mass and halo concentration are

= 100,

M ⇡ 8.34 ⇥ 1014 M (giving c = 5.8 and R = 2.2 Mpc). We use a pressure profile,
P (R)/⇢b (R), in place of a temperature profile, kB T (R)/(µmp ), now. We find ⌘(R) = 1
at RH.E ⇠ 4.0 Mpc, see Figure 4.2. Using parameters from Bonamente et al. (2012)
we find the maximum of the e↵ective potential Vmax is located at Rmax ⇡ 16.6 Mpc.
This gives an upper limit to the cluster’s total mass of Mc (Rmax ) . 2.2 ⇥ 1015 M .
The hydrostatic mass of A1835 calculated by (Bonamente et al. 2012) may be
an underestimate of the total mass at larger radii, see Ichikawa et al. (2013) Figure
10, comparing hydrostatic and weak-lensing masses. Landry et al. (2013) suggest
the hydrostatic mass underestimates the true mass also. To account for this possible
mass underestimate we use equation Equation 4.10 with parameters Equation 4.16
and Equation 4.17 (from the weak-lensing analysis of Okabe et al. (2010)), as in our
first calculation, but, for our new check, continue to use P (R)/(2µmp ne (R)) in place
of kB T /(µmp ). When using the larger lensing mass of Okabe et al. (2010), we find
⌘(R) = 1 at RH.E ⇠5.4 Mpc, with the same dark matter cuto↵ and total cluster mass
as in our first calculation of Rb .
From Sunyaev-Zel’dovich observations of the Coma cluster by the Planck
satellite (Ade et al. (2013)), we note an ‘atmosphere’ of hot gas continues outside
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Rb ; the hot gas atmosphere of the Coma cluster is found to extend out to 4 Mpc, at
least.

4.4

Cluster mass loss rate in a dark energy universe
Provided the gas stays virialized, its ⇤-modified kinetic temperature is now

given by Equation 4.9 while the extra energy per unit mass required by an ‘average’
particle to escape is |V |

|Vmax | with Vmax as in Equation 3.18. Thus the ratio ⌘,

as defined above in Equation 4.5, is a function of R, as is fe (R) in Equation 4.5.
However, it is readily verified that even for radii R < Rc , where M (R) < Mc may
be varying substantially, fe (R) stays constant provided the dark matter NFW profile
is in the ‘intermediate zone’ where ⇢(R) ⇠ 1/Rn with n ⇡ 2 and V2 contributes
insignificantly to V there. As representative values one may take Rc = 2 Mpc and
Mc = 1015 M . Between the radii of 1 and 2 Mpc, n = 2 is indeed likely to apply.
With K̄ is given by the generalized Virial Theorem Equation 4.9, ⌘ ⇡ 1.50
and fe = 21.2 %. The Jeans number, as generalized from Equation 4.7, becomes

=

1
2
µmp vesc
2

kB T

=

|V | |Vmax |
= 32 ⌘ = 2.26.
kB T /µmp

(4.21)

These figures are to be compared with the corresponding ones for a cluster in a
universe with no DE, where ⌘ = 2, fe = 11.2 %, and

= 3 from section 4.1.

Evidently DE has made a di↵erence, and the direction of change of the parameters is
always towards facilitating escape.
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It is now possible to find the mass loss rate of the cluster in a ⇤-universe.
From Equation 4.6 the ratio Fe /nb vrms is 13.6 % which converts to

Ṁ =

0.84⇥10

4

✓

1+
3.26

◆

e

(

2.26)

✓

A baryon number density of 1 ⇥ 10 4 cm

kB T
4.6 keV

3

◆1/2 ✓

nb
1 ⇥ 10 4 cm

3

◆⇣

µ ⌘1/2
M yr 1 .
0.6
(4.22)

is chosen to estimate an upper limit on the

baryonic mass lost. For example Kawaharada et al. (2010) estimate the deprojected
electron number density for A1689 to be ne ⇠ 0.5 ⇥ 10 4 cm 3 , for radii within
1.8 Mpc  r  3.3 Mpc; and Ichikawa et al. (2013) estimate ne ⇠ 1.0 ⇥ 10 4 cm

3

for

A1835, for radii within 1.4 Mpc  r  2.1 Mpc.
In a cluster’s lifetime of ⇠ 5 ⇥ 109 yrs, therefore, the mass evaporated could
account for ⇠30 % of the baryons in a rich cluster, assuming that ⇡ 1/7 of the
total cluster mass of 1015 M is baryonic. This may be the reason why observations
indicate a significant under-abundance of baryons inside Rc (see the papers cited in
the beginning of this section). Note that without DE, the ratio Fe /nb vrms is 7.9 %
from section 4.1, i.e. the mass loss rate is approximately halved, which is probably
all it takes to reduce the observed anomaly to inconspicuous levels.
Next, we address the location of the last scattering radius. This was considered
in detail by Medvedev (2007), who took into account the e↵ects of particle collision
and di↵usion in an intracluster magnetic field, and suggested that while the radius of
interest may indeed be the virial radius of ⇡ 2 Mpc for a rich cluster (i.e. the same as
the value of Rc we assumed), magnetic (Böhm) di↵usion may greatly limit the escape
rate to magnitudes considerably less than the ones quoted above. However, a bulk
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hydrodynamic outflow identical to the Parker wind solution for escape is inevitable
under the boundary conditions at 2 Mpc. Although the escape rate is still given
by Equation 4.22 and not beyond, a bulk flow is capable of ‘dragging’ the magnetic
field along as a frozen-in field, thereby greatly reducing the e↵ectiveness of magnetic
confinement. As a result, the concern over this phenomenon may be unnecessary.
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CHAPTER 5

CONCLUSIONS

5.1

Concordance Cosmology, and ⇤CDM predictions in the local universe
Independent, complementary experiments make a nearly compelling case for

the standard ⇤CDM model of the universe, with ⇠70% DE, ⇠25% dark matter,
and ⇠5% ordinary matter.1 ‘Concordance cosmology’ displays consistency among
the independent constraints on the ⇤CDM parameters but remains unsatisfactory,
providing only a phenomenological description of the apparent accelerated expansion
of space. There is no stand-alone evidence for the existence of the universe’s main
component and no proposed cause for the accelerated expansion.
Testable predictions of vacuum energy in the local universe are the focus of this
dissertation. Large scale structures are an ideal test bed for observing the e↵ects of DE
at low redshifts. If the universe is ⇤-dominated, the outskirts of large scale structures
are modified by the long-range, repulsive force of DE, in a verifiable way. Phenomena
at the outskirts of these structures must be consistent with ⇤CDM cosmology, and
this model must be reconciled with any observed anomalies found there.
1

See Peebles (1999) and (2010) and Peebles et al. (2003).
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5.2

Orbits in a dark energy universe
The e↵ect of DE on large scale orbits is explored in Chapter 3. It is shown that

orbits evolve in the direction of becoming free in a ⇤-dominated universe. Moreover,
in intermediate cases, where the period of the orbit is much shorter than the evolution
time-scale of the e↵ective potential and also much greater than the period of a
circular orbit, the path of orbital evolution is traceable by means of an adiabatic
invariant. The DE term of the potential, ‘-↵R2 ’, evolves on a time-scale much greater
than the orbital period and is treated as an orbital perturbation. The adiabatic
invariant provides a means to show that the e↵ective potential at aphelion increases
in magnitude faster (i.e. becomes more negative at a greater rate) than the energy,
i.e. |Ė| < |V̇ (Raph )|, and both the perihelion and aphelion drift outwards with the
latter at a much higher rate than the former, subsequently increasing the orbital
eccentricity.
Galaxy dynamics at the outskirts of large scale structures, ranging from galaxysized to cluster-sized central mass concentrations, provide a way to test the predictions
of a DE universe. Specifically, the trajectory of a test mass in the outskirts of a large
gravitationally bound structure is cosmology dependent. Beyond an outermost radius,
unique to a ⇤-dominated universe (see Equation 3.28), a test mass joins the Hubble
flow expansion. We find the radius of outermost orbit Rsaddle to be ⇠0.7 Mpc (⇠7
Mpc) for a 1012 M (1015 M ) clump.
There is a way to estimate the finite extent of large scale gravitationally bound
structures, even when ⇤ = 0. Using the equation of motion for a radially moving test
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mass, the ‘surface of zero (peculiar) velocity’ or ‘turn over radius’ to a clump depends
on the initial energy E(T ), where T is any particular time. Using the age of the
Universe for T0 allows one to estimate a radius of interface between the gravitational
influence of the clump and the Hubble flow expansion, which is defined as a definite
boundary to the structure. (Lynden-Bell (1981); Sandage (1986))
Extending this method to a dark energy universe, the boundary radius and
total mass of nearby groups and clusters of galaxies may be estimated using observed
peculiar velocities of galaxies at their outskirts and Hubble flow data, Karachentsev et
al (2007). With observational data on galaxies around the Local Group, a boundary2
to the LG is estimated to be . 1 Mpc. Using this radius, Karachentsev et al (2009)
estimate the total mass of the LG to be ⇠ 2⇥1012 M .3 As expected, this boundary is
numerically close to that predicted by Equation 3.28 above; their estimated mass for
the LG gives Rsaddle ⇡ 0.9 Mpc. In another recent study, Nasonova et al (2011) used
peculiar velocity data of more than 1000 galaxies at the Fornax-Eridanus complex
outskirts (with radii r . 30 Mpc) to estimate the boundary radius and mass of the
Fornax-Eridanus complex, obtaining . 5 Mpc and ([1.30 3.93]⇥1014 M ) respectively.
Again using Equation 3.28, their mean estimated mass for the Fornax-Eridanus
complex gives Rsaddle ⇡ 4.5 Mpc.
The theory of Chapter 3 applied to wide-pair galaxy orbits provides a testable
prediction of a ⇤-dominated universe: Dark energy disengages wide-pair galaxy systems.
2
Karachentsev et al (2009) show in Figure 1 of their paper radial velocities of galaxies in the
LG and in the neighboring outskirts as a function distance with respect to the LG centroid. There
appears to be a boundary to the LG at . 1 Mpc.
3
Improvements to this estimation are expected as the observational selection is strongly a↵ected
by potentially ⇠400 yet undetected faint dwarf galaxies at the outskirts of the LG (Karachentsev et
al (2009)).

76

One should find a statistical minority of interacting wide-pairs with projected separations
&1 Mpc. Detecting interacting pairs with projected separations

1 Mpc than

statistics allow with DE would be an unexplained anomaly of the ⇤CDM model.
The interaction of galaxies in a pair may be determined from line-of-sight peculiar
velocities, which are observable in low redshift wide-pairs. These observations may
also be contrasted with behavior expected in a universe with ⇤=0, with evolution
behavior from binary galaxy simulations. Isolated, wide-pairs are more promising
systems for detecting the e↵ect of DE, as external bodies a↵ecting the pair’s interaction
are less important or negligible, i.e. the interface between the Hubble flow and the
Newtonian force of gravity is more easily identified due to their isolation.
A consistency check for DE using the dynamics of low redshift, wide-pair
galaxies is yet to be done, but the angular distribution of high redshift, more compact
pairs (with projected separations less than 1 Mpc) has been used in a purely geometrical
DE test. Following the Alcock-Paczynski test, geometrical distortions of distant
cosmic structures may be analyzed to test the expansion of space, and therefore
the amount of DE in the universe.4 The angular distribution of close pairs and
observations of their apparent tilting angles are used to measure the average anisotropy
of the pair (AAP).5 The estimated AAP matches the theoretically predicted AAP only
4
The distorted images of distant galaxies by the weak lensing of intervening large scale structures,
or cosmic shear, also depends on the amount of DE in the universe. See Jain et al. (2003) and
Bernstein et al. (2004) for another purely geometrical DE probe using weak lensing. The AlcockPaczynski test may serve as a consistency check for this and other DE tests.
5
The actual tilting angle is expected to be isotropically distributed, but due the peculiar motions
of the pair’s members the uniform distribution will be distorted in a predictable way. Galaxy dynamic
produce an anisotropy in the distribution that can be corrected for in a non-uniform distribution of
an apparent tilting angle. The isotropic expectation is replaced by the AAP function, and then is
compared to observations of the apparent, or distorted, tilting angle.
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if the analysis is carried out in the true metric background. (Alcock et al. (1979),
Marinoni et al. (2010) and (2012)). Deeper redshift surveys are needed to constrain
the DE density parameter sufficiently with this technique.

5.3

Outskirts of a cluster in a dark energy universe
In Chapter 4 it is shown how DE modifies the behavior of a shell of thermalized

baryons known to exist6 at the outskirts of galaxy clusters. It is also shown that an
upper bound Rb to the baryonic halo of a cluster is definable in a ⇤-dominated
universe using the generalized Virial Theorem (GVT) (distinct from the usual Virial
Theorem, due to presence of the DE term in the potential). Baryons escape more
easily from the cluster outskirts. In a ⇤-dominated universe, gas is unable to maintain
virialization beyond a large critical radius, i.e. beyond Rb ⇡ 4 Mpc, for a 1015 M
cluster, gas meets the escape condition with kinetic energy less than the mean given
by the GVT.
The GVT applied to baryons with average energy K̄(R) is satisfied up to a
‘maximum virialization’ radius Rb , where K̄(Rb ) ⇡ |Vmax |. This upper bound defines
a surface to the cluster atmosphere of hot baryons. Baryons above Rb are either on
Keplarian orbits or are free to join the intercluster medium, i.e. when their kinetic
energy is less or greater than |V |

|Vmax | respectively. The outermost surface shifts

inward for lower mass clusters, e.g. a 1014 M cluster has an Rb ⇡ 2 Mpc. The radius
where the e↵ective potential is maximized also shifts inward, since Rmax / M 1/3 ;
Rmax ⇠ 5 Mpc for a 1014 M cluster, as opposed to ⇠ 11 Mpc for a 1015 M cluster.
6

See for example Bonamente et al. (2003).
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The minimum energy an escaped baryon has upon crossing Rb is less than |Ve↵ (Rb )|,
because the repulsive barrier at large radii lowers the threshold energy for escape.
The halo for a 1015 M

cluster is estimated to extend from Rc = 2 Mpc to

Rb ⇡ 4 Mpc. So, the outermost surface of the halo is well below Rmax ⇡ 11.8 Mpc.
Baryons are able to escape the cluster at Rc into the lower density baryonic halo and
also cross the boundary of the halo at Rb preferentially into lower density intercluster
void regions.
The maximum of a cluster’s e↵ective potential complete with an NFW density
profile occurs at the cuto↵ radius to the cluster itself. The dark matter cuto↵s for
Abell 1835 and 1689 are found to be comparable to the observed cluster correlation
length. Using the cuto↵ to estimate the total cluster mass, it is found that the
majority of a cluster’s dark matter resides in its outskirts, extending well beyond the
visible matter and overlapping with the extended dark matter halos of other clusters’.
DE facilitates the escape of ‘virialized’ baryonic gas in bound structures dominated
by dark matter. The thermal escape velocity of the ‘last scattering surface’ of the
atmosphere of hot baryons in clusters and groups of galaxies is lowered by dark energy.
It is shown, with thermal Jeans escape, DE could increase the escape flux by as much
as a factor of two, in contrast to a matter dominated universe. The ensuing mass
loss rate might become significant over the lifetime of a cluster. This may be the
explanation of why the gas to dark matter ratio of clusters is frequently seen to rise
with respect to radius.
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APPENDIX A

FRIEDMANN’S EQUATIONS FROM NEWTONIAN PHYSICS

A.1

Energy equation
To obtain Friedmann’s energy equation, take a shell of mass m and enclose an

amount of matter M . The energy of the mass shell is

1
E = mṘ2
2

GM m
.
R

Rearranging and using M = 43 ⇡⇢R3 ,
8
2E
Ṙ2 = ⇡G⇢R2 +
.
3
m

(A.1)

Di↵erentiating the expansion law (R = ar) gives Ṙ = ȧr, when peculiar velocity ṙ is
zero. Substitute Ṙ = ȧr into Eq. (A.1):
✓ ◆2
ȧ
8
= H 2 = ⇡G⇢
a
3

k
.
a2

(A.2)

2E/(mr2 ). The negative
⇣
⌘
sign is chosen for the following reasons. Equation A.2 reduces to ⇢c ⇢ / E.
This is the energy equation, with curvature constant k =
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If the universe is flat, the density parameter ⇢ must satisfy ⇢ = ⇢c = 3H 2 /(8⇡G),
i.e. zero curvature. If ⇢ < ⇢c , the universe will expand indefinitely, because E > 0
when mȧ2 /2 > GM m/a, i.e. negative curvature. If ⇢ > ⇢c the universe expands but
then collapses, because E < 0, i.e. positive curvature.

A.2

Force equation
Friedmann’s force equation follows from the energy equation

8
ȧ2 = ⇡G⇢a2
3

k

after writing ⇢ in terms of conserved quantities and di↵erentiating with respect to time
to find the acceleration ä(t). Conserved quantities are constructed by using a density
⇣
⌘ 3
⇣
⌘ 4
component’s dependance on scale factor, ⇢m = ⇢m (0) a/a0
, ⇢r = ⇢r (0) a/a0
,
and ⇢⇤ = ⇢⇤ (0) = constant.

"
#
⇣
⌘1 ⇣
⌘1
⇣ ⌘
8
ȧ2 = ⇡G ⇢m a3
+ ⇢r a4 2 + ⇢⇤ a2
3
a
a

k

(A.3)

The terms in parenthesis are conserved. Di↵erentiating Eq. (A.3) gives the force
equation
ä
=
a

4 ⇣
⇡G ⇢m + 2⇢r
3

⌘
2⇢⇤ .

This is equivalent to
ä
=
a

⌘
4 ⇣
⇡G ⇢ + 3p ,
3
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with the equations of state for matter, radiation and vacuum (⇢m >> pm , ⇢r = 3pr ,
⇢⇤ =

p⇤ ) substituted.
It is useful to write the energy equation (A.2) in dimensionless form,

2

H (z) =

H02

✓

3

4

2

◆

⌦m,0 (1 + z) + ⌦r,0 (1 + z) + ⌦k,0 (1 + z) + ⌦⇤,0 ,

(A.4)

in terms of measured dimensionless density parameters ⌦i,0 in units of the critical
density, where ‘0’ indicates quantities measured today. In general ⌦i,0 = ⇢i,0 /⇢c,0 ,
and specifically ⌦k,0 =

k/(a20 H02 ) and ⌦⇤,0 = ⇤/(3H02 ).
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APPENDIX B

GENERALIZED VIRIAL THEOREM FROM HYDROSTATIC
EQUILIBRIUM

dP
=
dR

⇢b (R)

GMTotal (R)
R2

(B.1)

Multiply through by the volume 4/3⇡R3 and integrate both sides, where we use
dMb = 4⇡R2 ⇢b (R)dR to a↵ect a change of integration variables on the RHS.

1 GMTotal (R)
4⇡R2 ⇢b (R)dR
3
R

V dP =

Z

P (R)

V dP =
0

1
3

Z

Mb (R)
0

(B.2)

GMTotal (R0 )
1
dMb0 =
(R)
0
R
3

Finally, we arrive to the following and integrate the LHS by parts.
Z

P (R)

V dP =
0

PV

|R
0

1 GMb (R)MTotal (R)
1
=
(R)
3
R
3

Z

V (R)

P dV =
0
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1
(R)
3

(B.3)

With V (0) = 0 and a substitution of the ideal gas law we have,

P (R)V (R)

P (R)V (R)

Z

Mb (R)
0

Z

Mb (R)
0

P
1
dMb0 =
(R)
⇢b (R0 )
3

(B.4)

kB T
1
dMb0 =
(R).
µmp
3

This reduces further to

P (R)V (R)

Nb k b T =

1
(R).
3

(B.5)

Substituting the average energy per baryon T̄ = 3/2kB T we have

P (R)V (R)

Nb T̄
1
=
(R).
3/2
3

(B.6)

And we arrive to the familiar Virial Theorem with an external pressure term:

3

P (R)
nb

Gmb MTotal (R)
.
R

2T̄ =

Adding the force of dark energy per unit volume ⇢b (R)|q0 |H02 R to the RHS of
(Equation B.1) we find the generalized Virial Theorem:

3

P (R)
nb

2K̄ =

2T̄ =

Gmb MTotal (R)
+ mb |q0 |H02 R2 .
R

Gmb MTotal (R)
R

mb |q0 |H02 R2 + 3
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P (R)
nb

(B.7)

Dividing through by the mass of a baryon mb we arrive to Equation 4.14 of the text,
where the average energy per unit baryon mass is K̄ = T̄ /mb .

2K̄ =

V1 + 2V2 + 3
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P (R)
⇢b
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